
Modal interactions &                  

new resonances

How to compute NNM ?

L04 Nonlinear modal analysis

Nonlinear Vibrations of           

Aerospace Structures
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Last Lecture

?

?
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Close-Up of the Different Loops

WHAT IS GOING ON ???
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Discover additional properties of nonlinear modes

Numerical computation of nonlinear modes

Another puzzling result !

Outline of this Lecture
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1. How to characterize the different loops ?

2. How they are created ?

3. What is their impact on the theory of NNMs ?

4. What is their impact for engineering design ? Theoretical

curiosity or real stuff ?

Our Objectives
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Let’s Start with the First Loop

?



In-Phase and Out-of-Phase NNMs Are Connected

So there is modal coupling/interaction on this NNM branch

Frequency 
(rad/s)

Out-of-phase 
mode 

In-phase 
mode 

In-phase 
mode 

Energy (J)



Modes on the Branch Present a Third Harmonics

Frequency 
(rad/s)

Energy (J)



Indeed, Remember Lissajous Curves…
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Matlab Code
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This Is Thus a 3:1 Modal Interaction

Frequency 
(rad/s)

Energy (J)
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And Also…

Energy (J)

Frequency 
(rad/s)

3:1

5:1

7:1
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It Goes On Forever

Frequency 
(rad/s)

Energy (J)

7:1 9:1

5:1

11:1

13:1



14

1. How to characterize the different loops ?

2. How they are created ?

3. What is their impact on the theory of NNMs ?

4. What is their impact for engineering design ? Theoretical

curiosity or real stuff ?

Our Objective

OK !



In-Phase and Out-of-Phase NNMs Are Disconnected

In-phase 
mode branch

Out-of-phase 
mode branch

Frequency 
(rad/s)

Energy (J)

Hint: a nonlinear system responds

with an infinite series of harmonics !



The Missing Piece of Info of the FEP: Harmonics

Harmonics #3 
of the in-phase mode

Frequency 
(rad/s)

Crossing

In-phase 
mode branch

Out-of-phase 
mode branch

X

Energy (J)

PostprocIM.m
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Evidence of the Second 3:1 Modal Interaction

Frequency 
(rad/s)

Energy (J)

Harmonics #3 

In-phase 
mode branch

Out-of-phase 
mode branch

X

Harmonics #5 

X

X3 crossings

3:1

3:1

5:1

Harmonics #3 

X

X
3:1

3:1

In-phase 
mode branch

Out-of-phase 
mode branch

PostprocIM.m



OOP

IP

IP-5

There Is Also a 5:1 Modal Interaction

PostprocIM.m



Another Viewpoint

𝜔1 ∈ 1, 2 rad/s

𝜔2 ∈ 3,+ ∞ rad/s

𝐴 = ±
8 𝜔2 − 2 𝜔2 − 1

3 𝜔2 − 2

𝐵 =
𝐴

2 − 𝜔2

𝑞1,2 ≅ 𝐴, 𝐵𝑐𝑜𝑠𝜔𝑡

ሷ𝑞1 + 2𝑞1 − 𝑞2 + 0.5𝑞1
3 = 0

ሷ𝑞2 + 2𝑞2 − 𝑞1 = 0



The Frequency Ratio: From 3 to +∞

So there exists a countable infinity of modal interactions !
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1. How to characterize the different loops ?

2. How they are created ?

3. What is their impact on the theory of NNMs ?

4. What is their impact for engineering design ? Theoretical

curiosity or real stuff ?

Our Objective 

OK !

OK !
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No Longer a Synchronous Motion



Let’s Revisit the System We Initially Considered

NI2D – 2DOF\NNM_ShawSystem



We Got in the Previous Lecture 
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Again Lissajous Curves…
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Neither Abstract Nor a New Alphabet…
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An Extended Definition of NNMs Is Needed



Another Impact: The In-Phase Mode Bifurcates

Energy (J)

31 SOL. 1

1

2

Frequency 
(rad/s)



Remember Bifurcation/Stability Are Tight Together

Energy (J)

1

2

Frequency 
(rad/s)

STABLE

UNSTABLE



An Unstable Part of the Branch



Open Matlab and load the file that contains the results

Let’s Try to Investigate What’s Going On



Initial Conditions for an Unstable NNM

NI2D – 2DOF\NNM_Enseignement FEP



An Unstable NNM (Newmark Simulation)



Initial Conditions for a Stable NNM



A Stable NNM (Newmark Simulation)
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Our Objective 

1. How to characterize the different loops ?

2. How they are created ?

3. What is their impact on the theory of NNMs ?

4. What is their impact for engineering design ? Theoretical

curiosity or real stuff ?

OK !

OK !

OK !



Do Modal Interactions Exist In Reality ?
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VIDEO



It Seems
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2:1 modal 

interaction

Modal interaction

Lissajous:

sin t / sin 2t



Lissajous Curves…
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More Details



Do Modal Interactions Exist In Complex Systems ?
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Front connection

Rear connection

Bolted connections 

between external fuel 

tank and wing tip



The Testing Campaign
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Softening Nonlinearity in the Bolted Connections
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Accelaration surface method Stiffness curve

Swept sine testing



Finite Element Model Reduction
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Finite element model                                

(2D shells and beams, 85000 DOFs) Reduced model accurate              

in [0-100] Hz, 548 DOFs

Craig-Bampton technique

8 remaining nodes

500 internal modes

Condensation of the linear 

components of the model



A Close Look at Two Modes
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Wing bending

Wing torsion 

(symmetric)



The First Wing Bending Mode Is Not Affected
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MAC = 1.00 MAC = 0.99

Freq.     

(Hz)

Energy (J)

Backbone computation time = 20 minutes

with 100 time steps (2.67 GHz processor)



The First Wing Torsional Mode Is Nonlinear
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9:1

MAC = 1.00

MAC = 0.98

31.1

30.4

10-4 104

3:1

5:1

Decrease of the natural 

frequency

Internal resonances

Mode shape slightly 

affected

Freq.     

(Hz)

Energy (J)



Close-Up of the 3:1 Modal Interaction
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(a) (b) (c)

(a)

(b) (c)

Energy (J)

Frequency 

(Hz)



No Resemblance With Any LNMs
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Tank tip Horizontal tail



More Details



Modal Interactions @ SAB & Airbus
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Discover the properties of nonlinear modes

Numerical computation of nonlinear modes

Another puzzling result !

Outline of this Lecture



How To Calculate NNMs ?
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10
-5

10
3

0

0.7

Finite element model Frequency-energy plot



Basic Idea
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1. Look for periodic solutions !

An NNM is a periodic motion of a nonlinear system.



Naive Approach
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Case 1:               and

Case 2:               and

Case 3:               and

Case 4:               and

Case 5:               and

Periodic solution

Periodic solution

Periodic solution

Periodic solution

Periodic solution !

1 1

1 1

0.5 

(cubic)

1



Shooting Technique

Optimisation of the initial state of a system 𝐱0 ሶ𝐱0
𝑇 to obtain a 

periodic solution after time integration over a period 𝑇.

𝑇

« Angle » = 𝐱0
« Power » = ሶ𝐱0



A More Robust Approach
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Newton-Raphson
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Example: find the zero of

𝑓 𝑥1 = 𝑓 𝑥0 + ቤ
𝑑𝑓 𝑥

𝑑𝑥
𝑥=𝑥0

𝑥1 − 𝑥0 = 0

1

2
𝑥0 − 1 2 + 𝑥0 − 1 𝑥1 − 𝑥0 = 0

𝑥1 = 𝑥0 +
−
1
2 𝑥0 − 1 2

𝑥0 − 1
= 𝑥0 −

1

2
𝑥0 − 1 =

𝑥0 + 1

2

𝑥𝑗+1 =
𝑥𝑗 + 1

2

𝑓 𝑥 =
1

2
𝑥 − 1 2



Matlab Code: Homemade or fsolve
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Result
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0

2
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6

8

x

f(
x
)

NewtonRaphsonIllustration.m
FsolveIllustration.m



State Space Formulation

State-space form

where



Shooting Algorithm
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Periodicity condition           

(2-point BVP)

Numerical solution through iterations:

2n x 12n x 2n  Monodromy matrix



Jacobian Matrix through Linear ODEs
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Floquet multipliers NNM stability

Floquet multipliers

If a Floquet multiplier has 

a magnitude larger than 

one, then the periodic 

solution is unstable; 

otherwise, it is stable in 

the linear sense.



Combining Shooting with Continuation

Frequency (Hz)

Energy (J)

0

0.7

0.28

0.16

10-5 103

1. Isolated NNM = 

shooting or harmonic balance

2. Complete branch = 

continuation



More Details
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Outline of this Lecture

Discover the properties of nonlinear modes

Numerical computation of nonlinear modes

Another puzzling result !



2DOF System Excited from the Base



Mode 1 Features a Modal Interaction



NNM as a Function of the Base Displacement



The Forced Damped Response: An Island !



Experimental Set-Up



Experimental Evidence



More Details



In Summary

Nonlinear normal modes, a rigorous extension of the concept

of modes to nonlinear systems.

Similar concept (resonance !) but fundamental differences:

Frequency-energy dependence

Bifurcations

Stability

Modal interactions (harmonics)



Current Research @ S3L (G. Abeloos’ Thesis)
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We can now calculate 

1. backbones directly from the 

experiment (without a model)

2. stable and unstable frequency 

responses including isolated 

branches

PhD thesis defense on November 24 at 15.00 (02 math)

Possibility to do a new PhD on the topic…



Current Research @ S3L (G. Abeloos’ Thesis)
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