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Who am I ?

Professor of Aerospace Engineering @ ULiège.

Courses taught: satellite engineering, orbital mechanics and 

nonlinear vibration.

Research interests: aerospace structures, smart structures, 

vibration absorbers, nonlinear vibration, orbital mechanics. 

Spin-off company active in nonlinear vibration.
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Instructors: G. Kerschen, D. Piron

Contact details:

Course details:

► Space Structures and Systems Lab (S3L)

Aerospace and Mechanical Engineering Department 

g.kerschen@uliege.be

► BEAMS Department

dimitri.piron@ulb.be

► http://www.s3l.be
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Course organization

Today/Nov. 14/Nov. 21/Nov. 28/Dec. 5/Dec. 12                 

from 14.00 to 16.00: 

Theoretical lectures

30/11, 7/12, 14/12 from 10.00 to 12.00:

Exercice sessions

Jan. 11:

Written exam 50 % theory, list of questions provided

50% problems (similar to exercise sessions)
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This course is an introduction to vibration

Objective: create motion

Apply force

Vibration is generated

Uncomfort, fatigue, 

noise, damage,…
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Vibration in everyday life
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Vibration in everyday life ? 

Why so heavy ?

3 reasons: acoustics, 

comfort, damage !
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Vibration in engineering structures ? 
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Vibrations can be beneficial !

Vibrateur … élasticité … force de rappel …             

centaines de fois par seconde … résonateurs
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Vocal cords
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Course objectives

Mechanical 

system

Given

input

Predict the 

output

Write down the 

equations of motion
𝑚 ሷ𝑥 + 𝑐 ሶ𝑥 + 𝑘𝑥 = 𝑓(𝑡)

Calculate the response

analytically or numerically
𝑥 = 0.19 sin 2.3𝑡

Is the structure safe ?
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Course objectives

Wind gust Aircraft response

Mechanical 

system

Given

input

Predict the 

output
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Free and forced responses with animation

100s

300s 300s
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Corresponding time series
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Course outline 
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Importance of vibration isolation

730 tons - $4 Million 
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Importance of vibration isolation
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Importance of rotor dynamics
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Course objectives

Mechanical 

system

Given

input

Predict the 

output

Write down the 

equations of motion
𝑚 ሷ𝑥 + 𝑐 ሶ𝑥 + 𝑘𝑥 = 𝑓(𝑡)

Calculate the response

analytically or numerically
𝑥 = 0.19 sin 2.3𝑡

Is the structure safe ?

Degree of 

freedom
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Definitions
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Example: Cam operating valve



23

Coordinates selection
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Coordinates and constraints
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Coordinates and constraints
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Calculate the number of degrees of freedom

https://modernrobotics.northwestern.edu/n

u-gm-book-resource/2-2-degrees-of-

freedom-of-a-robot/#department

Gruebler’s formula

Number of DOFs at the joint
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Degrees of freedom in 3D
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Degrees of freedom in 2D



29

OK !

𝐷𝑂𝐹 = ෍

𝑖=1

𝑙

𝑣𝑖 − 6𝑏 =෍

𝑖=1

𝑙

𝑣𝑖 + 6𝑛 − 6𝑙 = 6𝑛 − 6𝑙 +෍

𝑖=1

𝑙

𝑣𝑖

𝐷𝑂𝐹 = 6 𝑁 − 1 − 6𝐽 +෍

𝑖=1

𝐽

𝑓𝑖 = 𝑚 𝑁 − 1 − 𝐽 +෍

𝑖=1

𝐽

𝑓𝑖

Same notations
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Important remark

Our focus is on rigid bodies.

Flexible bodies may have many degrees of freedom:
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Single body revolute joint (2D): constraint equations
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Two bodies revolute joint (2D): constraint equations
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Prismatic joint (2D): constraint equations



34

Spur gears (2D): constraint equations
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Rack and pinion (2D): constraint equations
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Universal joint (3D)

https://www.youtube.com/watch?v=LCMZz6YhbOQ
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Universal joint (3D)

 is the fixed angle between the two arms

 is the rotation angle of the first arm

 is the rotation angle of the second arm
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Universal joint (3D)
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Course objectives

Mechanical 

system

Given

input

Predict the 

output

Write down the 

equations of motion
𝑚 ሷ𝑥 + 𝑐 ሶ𝑥 + 𝑘𝑥 = 𝑓(𝑡)

Calculate the response

analytically or numerically
𝑥 = 0.19 sin 2.3𝑡

Is the structure safe ?

Equation of motion
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Théorème de la quantité de mouvement

…written in an inertial frame !...

When a body is acted upon by a force, the time rate of 

change of its momentum equals the force
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Digression
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Digression
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Spring-mass system: a 1DOF system
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Pendulum: a 1DOF system

𝑚 ሷ𝑥 = −𝐹𝑟 sin 𝜃

𝑚 ሷ𝑦 = 𝐹𝑟 cos 𝜃 − 𝑚𝑔

𝐹𝑟 =
−𝑚 ሷ𝑥

sin 𝜃

𝑚 ሷ𝑦 =
−𝑚 ሷ𝑥

sin 𝜃
cos 𝜃 − 𝑚𝑔
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Théorème du moment cinétique
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Flexible shaft
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Sliding bar
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Sliding bar
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Double pendulum
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So what ?
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In summary

What have we achieved today ?

 Kinematics

 Newtonian dynamics

Next lecture:

 Lagrangian dynamics


