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Course objectives

Mechanical 

system

Given

input

Predict the 

output

Write down the 

equations of motion
𝑚 ሷ𝑥 + 𝑐 ሶ𝑥 + 𝑘𝑥 = 𝑓(𝑡)

Calculate the response

analytically or numerically
𝑥 = 0.19 sin 2.3𝑡

Is the structure safe ?

Equation of motion
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Outline
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Théorème de la quantité de mouvement

…written in an inertial frame !...

When a body is acted upon by a force, the time rate of 

change of its momentum equals the force
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Digression



6

Digression
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Spring-mass system: a 1DOF system
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Pendulum: a 1DOF system

𝑚 ሷ𝑥 = −𝐹𝑟 sin 𝜃

𝑚 ሷ𝑦 = 𝐹𝑟 cos 𝜃 − 𝑚𝑔

𝐹𝑟 =
−𝑚 ሷ𝑥

sin 𝜃

𝑚 ሷ𝑦 =
−𝑚 ሷ𝑥

sin 𝜃
cos 𝜃 − 𝑚𝑔
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Théorème du moment cinétique
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Flexible shaft

𝑀𝑠ℎ𝑎𝑓𝑡 =
𝐺𝐼𝑝
𝐿

𝜃 =
𝐸

2 1 +  𝐿

𝜋𝐷4

32
𝜃 =

𝐸𝜋𝑅4

4 1 +  𝐿
𝜃 = 𝐾𝜃
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Sliding bar: linear momentum
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Sliding bar: angular momentum

Choice of point I allows to eliminate the reaction forces 

RA and RB

Once  is known the reaction forces can be calculated.
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Sliding bar
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Double pendulum
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So what ?
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Our objective for today

Newton (vectorial mechanics, 

force and acceleration)

Lagrange (analytical

mechanics, work and energy)

… through the virtual work principle…
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Outline

Statics
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Historical perspective

Bernoulli systematized the virtual work principle (VWP) during the 18th

century but was imagined before. The virtual work principle is a 

statement of the static equilibrium and is the first variational principle in 

mechanics.

In 1743, d’Alembert extends the VWP to dynamics through the 

introduction of inertia forces. The VWP becomes equivalent to Newton’s 

second law.

When they can be applied, the VWP and d’Alembert’s principle are 

absolutely general. They state the necessary and sufficient conditions 

either for equilibrium or for motion.

In 1788, Lagrange proposed the VWP as the basis of analytical 

mechanics and applies the generalized coordinates to the VWP.
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Virtual displacement concept

A virtual displacement shows how the mechanical 

system's trajectory can hypothetically (hence the term 

virtual) deviate very slightly from the actual trajectory.

𝛿𝑢
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A virtual displacement ...

is arbitrary but compatible with the kinematic constraints.

takes place instantaneouly (t=0).

is infinitesimal; it obeys the rules of differential calculus.

coincides with the real displacements at the extremities of 

the time interval
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VWP for a material point (statics)

𝛿𝑊 = Ԧ𝐹. 𝛿𝑟

𝛿𝑊 = Ԧ𝐹1. 𝛿𝑟 + ⋯+ Ԧ𝐹𝑁. 𝛿𝑟

= Ԧ𝐹1 +⋯+ Ԧ𝐹𝑁 .𝛿𝑟 = 𝑅. 𝛿𝑟

A material point is in equilibrium if the virtual work of the 

applied forces is zero for any virtual displacement of this point.

The virtual work of the applied force 

(e.g., gravitational or magnetic) is
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VWP for a set of material points 

Virtual displacements 𝛿𝑟1, … , 𝛿𝑟𝑁

Each point is subjected to a force

𝑅𝑖 = Ԧ𝐹𝑖+ Ԧ𝑓𝑖
Constraint force (e.g., move on a surface)

Equilibrium: each point is at rest, the total force is zero

𝑅𝑖 = Ԧ𝐹𝑖+ Ԧ𝑓𝑖 = 0 𝛿𝑊𝑖 = 𝑅𝑖 . 𝛿𝑟𝑖 = 0

𝛿𝑊 =

𝑖=1

𝑁

𝛿𝑊𝑖 =

𝑖=1

𝑁

Ԧ𝐹𝑖 . 𝛿𝑟𝑖 +

𝑖=1

𝑁

Ԧ𝑓𝑖 . 𝛿𝑟𝑖 = 0



23

Constraint forces

So the virtual work of the constraint forces is zero for any 

virtual displacement:

𝛿𝑊 =

𝑖=1

𝑁

𝛿𝑊𝑖 =

𝑖=1

𝑁

Ԧ𝐹𝑖 . 𝛿𝑟𝑖 +

𝑖=1

𝑁

Ԧ𝑓𝑖 . 𝛿𝑟𝑖 = 0

𝛿𝑊 =

𝑖=1

𝑁

𝛿𝑊𝑖 =

𝑖=1

𝑁

Ԧ𝐹𝑖 . 𝛿𝑟𝑖 +

𝑖=1

𝑁

Ԧ𝑓𝑖 . 𝛿𝑟𝑖 = 0

The constraint forces, which force the 

particle to move on, e.g., a surface, are 

normal to the surface (no friction).
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Virtual work principle 

For a system to be in static equilibrium, the virtual work of 

the forces applied to the system must be zero for virtual

displacements compatible with the system’s constraints.

𝛿𝑊 =

𝑖=1

𝑁

Ԧ𝐹𝑖 . 𝛿𝑟𝑖 = 0
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DOFs and generalized coordinates
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Kinematic constraints

The number of DOFs decreases:

The number of DOFs does not decrease:

Two masses connected

by a rigid bar
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Example of nonholonomic constraints
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Independent generalized coordinates 

An underlying assumption is that the virtual displacements

must be independent.

If this is not the case, we should consider independent

generalized coordinates such that

𝛿𝑟𝑖 = 

𝑘=1

𝑛
𝜕𝑟𝑖
𝜕𝑞𝑘

𝛿𝑞𝑘

𝛿𝑊 =

𝑖=1

𝑁

Ԧ𝐹𝑖 . 𝛿𝑟𝑖 =

𝑖=1

𝑁

Ԧ𝐹𝑖 . 

𝑘=1

𝑛
𝜕𝑟𝑖
𝜕𝑞𝑘

𝛿𝑞𝑘 = 

𝑘=1

𝑛



𝑖=1

𝑁

Ԧ𝐹𝑖 .
𝜕𝑟𝑖
𝜕𝑞𝑘

𝛿𝑞𝑘 = 0

𝛿𝑊 = 

𝑘=1

𝑛

𝑄𝑘𝛿𝑞𝑘 = 0 𝑄𝑘 = 0
Static

equilibrium

Generalized

forces
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Sliding bar example
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Much simpler than Newtonian mechanics
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Much simpler than Newtonian mechanics



32

Outline

Statics Dynamics
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D’Alembert’s principle

We now include inertia forces: 𝑅𝑖 = Ԧ𝐹𝑖+ Ԧ𝑓𝑖 −𝑚𝑖 ሷ𝑟𝑖



𝑖=1

𝑁

Ԧ𝐹𝑖 −𝑚𝑖 ሷ𝑟𝑖 . 𝛿𝑟𝑖 = 0The VWP becomes

𝛿𝑟𝑖 = ሶ𝑟𝑖𝑑𝑡



𝑖=1

𝑁

Ԧ𝐹𝑖 . 𝛿𝑟𝑖 −𝑚𝑖 ሷ𝑟𝑖 . ሶ𝑟𝑖𝑑𝑡 = 0

If , i.e., no explicit depend. on time in constraints

𝛿𝑟𝑖 𝑡1 =𝛿𝑟𝑖 𝑡2 = 0
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Conservation of total energy



𝑖=1

𝑁

Ԧ𝐹𝑖 . 𝛿𝑟𝑖 = −𝑑𝑉
The forces can be 

expressed as the 

gradient of a potential V



𝑖=1

𝑁

Ԧ𝐹𝑖 . 𝛿𝑟𝑖 −𝑚𝑖 ሷ𝑟𝑖 . ሶ𝑟𝑖𝑑𝑡 = 0

T is the kinetic energy 𝑚𝑖 ሷ𝑟𝑖 . ሶ𝑟𝑖𝑑𝑡 =
𝑑

𝑑𝑡

1

2


𝑖=1

𝑁

𝑚𝑖 ሶ𝑟𝑖 . ሶ𝑟𝑖 𝑑𝑡 = 𝑑𝑇

𝑑 𝑇 + 𝑉 = 0 𝑇 + 𝑉 = 𝐸



35

Hamilton’s principle

We derive the equations of motion 

from three scalar quantities, namely

the kinetic energy, the potential

energy and the virtual work of the 

nonconservative forces.



𝑖=1

𝑁

Ԧ𝐹𝑖 −𝑚𝑖 ሷ𝑟𝑖 . 𝛿𝑟𝑖 = 0
It is derived from the generalized

d’Alembert’s principle.
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Hamilton’s principle: Integral form of the VWP



𝑖=1

𝑁

Ԧ𝐹𝑖 −𝑚𝑖 ሷ𝑟𝑖 . 𝛿𝑟𝑖 = 0

𝛿𝑊 =

𝑖=1

𝑁

Ԧ𝐹𝑖 . 𝛿𝑟𝑖

ሷ𝑟𝑖 . 𝛿𝑟𝑖 =
𝑑

𝑑𝑡
ሶ𝑟𝑖 . 𝛿𝑟𝑖 − 𝛿

1

2
ሶ𝑟𝑖 . ሶ𝑟𝑖



𝑖=1

𝑁

𝑚𝑖 ሷ𝑟𝑖 . 𝛿𝑟𝑖 =

𝑖=1

𝑁

𝑚𝑖

𝑑

𝑑𝑡
ሶ𝑟𝑖 . 𝛿𝑟𝑖 − 𝛿𝑇

𝛿𝑊 + 𝛿𝑇 =

𝑖=1

𝑁

𝑚𝑖

𝑑

𝑑𝑡
ሶ𝑟𝑖 . 𝛿𝑟𝑖

Virtual work of 

external forces
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Hamilton’s principle: Integral form of the VWP

𝛿𝑊 + 𝛿𝑇 =

𝑖=1

𝑁

𝑚𝑖

𝑑

𝑑𝑡
ሶ𝑟𝑖 . 𝛿𝑟𝑖

Integration over a time interval with 𝛿𝑟𝑖 𝑡1 =𝛿𝑟𝑖 𝑡2 = 0

න
𝑡1

𝑡2

𝛿𝑊 + 𝛿𝑇 𝑑𝑡 = 0

𝑡1, 𝑡2

𝛿𝑊 = −𝛿𝑉 + 𝛿𝑊𝑛𝑐

Conservative 

forces

Non-conservative 

forcesHamilton’s principle
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Example from Meirovitch
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Example from Meirovitch
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Example from Meirovitch



41

Example from Meirovitch
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Example from Meirovitch

V
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Example from Meirovitch
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Example from Meirovitch
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Example from Meirovitch
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Example from Meirovitch
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Example from Meirovitch
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Example from Meirovitch



49

Outline

The method of 

choice !
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Lagrange’s equations

Lagrange’s equations can be

derived from Hamilton’s

principle. For the same

generalized conditions, they

yield identical equations of 

motion.

Lagrange’s equations are more 

expeditious. For instance, 

integration by parts can be

avoided. Lagrange’s equations

represent the method of 

choice.
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Start from Hamilton’s principle

න
𝑡1

𝑡2

𝛿𝐿 + 𝛿𝑊𝑛𝑐 𝑑𝑡 = 0 𝐿 = 𝑇 − 𝑉

Generalized coordinates: Ԧ𝑟𝑖 = Ԧ𝑟𝑖 𝑞1, … , 𝑞𝑛, 𝑡

𝛿𝑊𝑛𝑐 =

𝑖=1

𝑁

Ԧ𝐹𝑖 . 𝛿𝑟𝑖 = 

𝑘=1

𝑛



𝑖=1

𝑁

Ԧ𝐹𝑖 .
𝜕𝑟𝑖
𝜕𝑞𝑘

𝛿𝑞𝑘 = 

𝑘=1

𝑛

𝑄𝑘𝛿𝑞𝑘

𝑄𝑘 =

𝑖=1

𝑁

Ԧ𝐹𝑖 .
𝜕𝑟𝑖
𝜕𝑞𝑘
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Carry out some derivations

න
𝑡1

𝑡2

𝛿𝐿 +

𝑘=1

𝑛

𝑄𝑘𝛿𝑞𝑘 𝑑𝑡 = 0

න
𝑡1

𝑡2



𝑘=1

𝑛
𝜕𝐿

𝜕𝑞𝑘
𝛿𝑞𝑘 +

𝜕𝐿

𝜕 ሶ𝑞𝑘
𝛿 ሶ𝑞𝑘 +

𝑘=1

𝑛

𝑄𝑘𝛿𝑞𝑘 𝑑𝑡 = 0

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞𝑘
𝛿𝑞𝑘 =

𝜕𝐿

𝜕 ሶ𝑞𝑘
𝛿 ሶ𝑞𝑘 +

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞𝑘
𝛿𝑞𝑘where

න
𝑡1

𝑡2



𝑘=1

𝑛
𝜕𝐿

𝜕𝑞𝑘
𝛿𝑞𝑘 +

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞𝑘
𝛿𝑞𝑘 −

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞𝑘
𝛿𝑞𝑘 +

𝑘=1

𝑛

𝑄𝑘𝛿𝑞𝑘 𝑑𝑡 = 0
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And finally Lagrange’s equations

න
𝑡1

𝑡2



𝑘=1

𝑛
𝜕𝐿

𝜕𝑞𝑘
𝛿𝑞𝑘 +

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞𝑘
𝛿𝑞𝑘 −

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞𝑘
𝛿𝑞𝑘 +

𝑘=1

𝑛

𝑄𝑘𝛿𝑞𝑘 𝑑𝑡 = 0



𝑘=1

𝑛
𝜕𝐿

𝜕 ሶ𝑞𝑘
𝛿𝑞𝑘

𝑡1

𝑡2

−න
𝑡1

𝑡2



𝑘=1

𝑛
𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞𝑘
−

𝜕𝐿

𝜕𝑞𝑘
− 𝑄𝑘 𝛿𝑞𝑘 𝑑𝑡 = 0

=0
arbitrary

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞𝑘
−

𝜕𝐿

𝜕𝑞𝑘
= 𝑄𝑘 , 𝑘 = 1,… , 𝑛

𝑑

𝑑𝑡

𝜕𝑇

𝜕 ሶ𝑞𝑘
−

𝜕𝑇

𝜕𝑞𝑘
+

𝜕𝑇

𝜕𝑞𝑘
= 𝑄𝑘 , 𝑘 = 1,… , 𝑛
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Pendulum example: no reaction force !
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angle

Pendulum with a sliding mass: 2 DOFs
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Example from Meirovitch
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Example from Meirovitch
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Example from Meirovitch
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Example from Meirovitch
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Lagrange equations with constraints
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Lagrange equations with constraints
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Lagrange equations with constraints
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Lagrange equations with constraints
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Lagrange vs. Newton
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Piston engine

No gravity so that the potential energy is zero.
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Piston engine: kinetic energy 

Objective: write the kinetic energy as a function of  only:
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Piston engine: kinetic energy

The kinetic energy is a function of  only
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Piston engine: simplify the inertia term
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Piston engine: Lagrange equations
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Piston engine: constant speed

It gives the moment to apply so

that the system moves at 

constant speed.
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Piston engine: calculate reaction forces
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Piston engine: equation of motion
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Piston engine: equation of motion
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Piston engine: physical interpretation of multipliers

Lagrange:
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Piston engine: physical interpretation of multipliers

Theorème du moment cinétique vs. Lagrange

Lagrange multipliers are combinations of reaction forces.
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Summary from Meirovitch
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Summary from Meirovitch

Unknown

machine

Equilibrium conditions:

Not solvable by Newton !


