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Course objectives

Mechanical 

system

Given

input

Predict the 

output

Write down the 

equations of motion
𝑚 ሷ𝑥 + 𝑐 ሶ𝑥 + 𝑘𝑥 = 𝑓(𝑡)

Calculate the response

analytically or numerically
𝑥 = 0.19 sin 2.3𝑡

Is the structure safe ?
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From 1DOF to MDOF systems

4 DOFs



4

From 1DOF to MDOF systems
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Outline

Undamped, unforced response

Undamped, harmonic response

Damped, harmonic response

Vibration absorbers
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Equations of motion through Newton

𝑚 ሷ𝑥1 = −𝑘𝑥1 − 𝑘 𝑥1 − 𝑥2
𝑚 ሷ𝑥2 = −𝑘𝑥2 + 𝑘 𝑥1 − 𝑥2 + 𝑓

𝑚 0
0 𝑚

ሷ𝑥1
ሷ𝑥2
+

2𝑘 −𝑘
−𝑘 2𝑘

𝑥1
𝑥2

=
0
𝑓
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Equations of motion through Lagrange

𝑇 =
𝑚 ሷ𝑥1

2

2
+
𝑚 ሷ𝑥2

2

2

𝑉 =
𝑘𝑥1

2

2
+
𝑘𝑥2

2

2
+
𝑘 𝑥1 − 𝑥2

2

2

𝑑

𝑑𝑡

𝜕𝑇

𝜕 ሶ𝑥𝑘
−

𝜕𝑇

𝜕𝑥𝑘
+
𝜕𝑉

𝜕𝑥𝑘
= 𝑄𝑘 , 𝑘 = 1,… , 𝑛

𝑚 0
0 𝑚

ሷ𝑥1
ሷ𝑥2
+

2𝑘 −𝑘
−𝑘 2𝑘

𝑥1
𝑥2

=
0
𝑓
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Equations of motion through inspection

𝑚 0
0 𝑚

ሷ𝑥1
ሷ𝑥2
+

2𝑘 −𝑘
−𝑘 2𝑘

𝑥1
𝑥2

=
0
𝑓
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Undamped, unforced problem

Mass matrix M

(positive definite)

Stiffness matrix K

(positive definite)

ሷ𝜑 𝑡 = −𝜔2𝜑(𝑡)𝑎𝜑 𝑡 + 𝑏 ሷ𝜑 𝑡 = 𝟎

𝒚𝑇 .
>0 >0

𝑴 ሷ𝒙 + 𝑲𝒙 = 0 𝒙(𝑡) = 𝜑 𝑡 𝒚 𝑲𝒚𝜑 𝑡 +𝑴𝒚 ሷ𝜑 𝑡 = 𝟎

Synchronous

𝑲− 𝜔2𝑴 𝒚 = 𝟎 det 𝑲 − 𝜔2𝑴 = 𝟎

Non trivial 

solution

𝑴 ሷ𝒙 + 𝑲𝒙 = 0
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Eigenvalue problem of a 2DOF system

det 2𝑘 − 𝜔2𝑚 −𝑘
−𝑘 2𝑘 − 𝜔2𝑚

= 𝜔4𝑚2 − 4𝑘𝑚𝜔2 + 3𝑘2 = 0

𝑚 0
0 𝑚

ሷ𝑥1
ሷ𝑥2
+

2𝑘 −𝑘
−𝑘 2𝑘

𝑥1
𝑥2

=
0
0

𝑘 = 𝑚 = 1, 𝜔4 − 4𝜔2 + 3 = 0If

𝜔1
2 =

1

2
4 − 4 1/2 = 1

𝜔2
2 =

1

2
4 + 4 1/2 = 3

1 −1
−1 1

𝑦1
𝑦2

= 0

−1 −1
−1 −1

𝑦1
𝑦2

= 0

𝑦(1) =
1
1

𝑦(2) =
1
−1
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Numerical solution of the eigenvalue problem

M=[1 0;0 1]; K=[2 -1;-1 2];

[Modes,Frequencies]=eig(K,M); 

[Modes,Frequencies]=eig(inv(M)*K);

Modes=

-0.7071 -0.7071

-0.7071 0.7071

Frequencies=

1   0

0   3
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Response through modal superposition

𝒙 𝑡 = 𝐴1 cos𝜔𝑡 + 𝐵1 sin𝜔𝑡 𝒚(1) + 𝐴2 cos𝜔𝑡 + 𝐵2 sin𝜔𝑡 𝒚(2)

This solution can be directly generalized to n DOFs

(n eigenmodes and eigenfrequencies)

ሷ𝜑 𝑡 = −𝜔2𝜑(𝑡) 𝜑 𝑡 = 𝐴 cos𝜔𝑡 + 𝐵 sin𝜔𝑡
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Excitation of the first mode

ANIM
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Excitation of the first mode (greater ICs)
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Excitation of the second mode

ANIM
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General ICs

ANIM
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General ICs

in rad/s
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Vibration modes / normal modes / mode shapes

Clear physical meaning: 

Important mathematical properties: 

►Orthogonality

►Decoupling of the equations of motion (modal superposition)

► Structural deformation at resonance

► Synchronous vibration of the structure
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Property 1: deformation at resonance
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Property 1: deformation at resonance

Coordinate along the beam

M
o

d
e

 1

Coordinate along the beam

M
o

d
e

 2

Coordinate along the beam

M
o

d
e

 3

Modes

Time 

series
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Property 2: synchronous motion
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Property 3: orthogonality

𝟎 = 𝒚(𝑟)
𝑇 𝑴𝒚(𝑠)

𝟎 = 𝒚(𝑟)
𝑇 𝑲𝒚(𝑠)

𝑟 ≠ 𝑠

𝑲𝒚(𝑠) −𝜔𝑠
2𝑴𝒚 𝑠 = 𝟎

𝒚(𝑟)
𝑇 𝑲𝒚(𝑠) = 𝜔𝑠

2𝒚(𝑟)
𝑇 𝑴𝒚(𝑠)

𝒚(𝑠)
𝑇 𝑲𝒚(𝑟) = 𝜔𝑟

2𝒚(𝑠)
𝑇 𝑴𝒚(𝑟)

-

𝟎 = 𝜔𝑠
2 − 𝜔𝑟

2 𝒚(𝑟)
𝑇 𝑴𝒚(𝑠)
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Property 4: modal superposition

in rad/s
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Property 4: modal superposition

24

?

Uncoupled normal equations  
the energy initially imparted to one 

mode remains in this mode for ever

eigenmodes normal 

coordinates

MODAL EXPANSION

?

𝑴 ሷ𝒙 + 𝑲𝒙 = 0

𝒙 =

𝑠=1

𝑛

𝒚 𝑠 𝜑 𝑠 𝑡 = 𝒀𝝋(𝑡) ሷ𝝋 +
𝜔1
2 0 0
0 … 0
0 0 𝜔𝑛

2
𝝋 = 𝟎
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Property 4: modal superposition

?

𝑴 ሷ𝒙 + 𝑲𝒙 = 0

𝒙(𝑡) = σ𝑠=1
𝑛 𝒚 𝑠 𝒚(𝑠)

𝑇 𝑴

𝑠
cos𝜔𝑠𝑡 𝒙0+ σ𝑠=1

𝑛 𝒚 𝑠 𝒚(𝑠)
𝑇 𝑴

𝑠𝜔𝑠
sin𝜔𝑠𝑡 ሶ𝒙0

𝑠 = 𝒚(𝑠)
𝑇 𝑴𝒚 𝑠



26

Numerical and experimental modal analysis (TMA and EMA)
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Aircraft example

Finite element model                                

(2D shells and beams, 85000 DOFs)
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Numerical modal analysis 

Wing bending

Wing torsion 

(symmetric)
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Experimental modal analysis 

Symmetric wing

bending (5.2 Hz)

Symmetric wing

torsion (7.3 Hz)
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Outline

Undamped, unforced response

Undamped, harmonic response

Damped, harmonic response

Vibration absorbers
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Undamped system with harmonic excitation

𝑴 ሷ𝒙 + 𝑲𝒙 = 𝒇

𝒙 = 𝑿𝑒𝑖𝜔𝑡 𝒇 = 𝑭𝑒𝑖𝜔𝑡

𝑲−𝜔2𝑴 𝑿 = 𝑭
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2DOF system

𝑚 0
0 𝑚

ሷ𝑥1
ሷ𝑥2
+

2𝑘 −𝑘
−𝑘 2𝑘

𝑥1
𝑥2

=
0
𝑓

𝑥1(𝑡)
𝑥2(𝑡)

=
𝑋1
𝑋2

𝑒𝑖𝜔𝑡 𝑓 = 𝐹𝑒𝑖𝜔𝑡

2𝑘 − 𝜔2𝑚 −𝑘
−𝑘 2𝑘 − 𝜔2𝑚

𝑋1
𝑋2

=
0
𝐹

𝑋1
𝐹
=

−𝑘

2𝑘 − 𝜔2𝑚 2 − 𝑘2

𝑋2
𝐹
=

2𝑘 − 𝜔2𝑚

2𝑘 − 𝜔2𝑚 2 − 𝑘2

𝜔1
2 = 𝑘/𝑚

𝜔2
2 = 3𝑘/𝑚

𝜔𝐴
2 = 2𝑘/𝑚

Resonance

Antiresonance
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2DOF system
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Outline

Undamped, unforced response

Undamped, harmonic response

Damped, harmonic response

Vibration absorbers
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Damped systems with harmonic excitation

𝑴 ሷ𝒙 + 𝑪 ሶ𝒙 + 𝑲𝒙 = 𝒇

−𝜔2𝑴+ 𝑖𝜔𝑪 + 𝑲 𝑿 = 𝑭

𝒙 = 𝑿𝑒𝑖𝜔𝑡 𝒇 = 𝑭𝑒𝑖𝜔𝑡
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2DOF system

c

c

c

𝑥1(𝑡)
𝑥2(𝑡)

=
𝑋1
𝑋2

𝑒𝑖𝜔𝑡 𝑓 = 𝐹𝑒𝑖𝜔𝑡

2𝑘 + 2𝑖𝜔𝑐 − 𝜔2𝑚 −𝑘 − 𝑖𝜔𝑐
−𝑘 − 𝑖𝜔𝑐 2𝑘 + 2𝑖𝜔𝑐 − 𝜔2𝑚

𝑋1
𝑋2

=
0
𝐹

𝑋1
𝐹
=

−𝑘 + 𝑖𝜔𝑐

2𝑘 + 2𝑖𝜔𝑐 − 𝜔2𝑚 2 − 𝑘 + 𝑖𝜔𝑐 2

𝑋2
𝐹
=

2𝑘 + 2𝑖𝜔𝑐 − 𝜔2𝑚

2𝑘 + 2𝑖𝜔𝑐 − 𝜔2𝑚 2 − 𝑘 + 𝑖𝜔𝑐 2

Damped

resonance

No strict 

antiresonance

𝑚 0
0 𝑚

ሷ𝑥1
ሷ𝑥2
+

2𝑐 −𝑐
−𝑐 2𝑐

ሶ𝑥1
ሶ𝑥2
+

2𝑘 −𝑘
−𝑘 2𝑘

𝑥1
𝑥2

=
0
𝑓
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2DOF system

No dampingDamping



38

2DOF system



39

Can you predict the damping of the modes ?
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Base-excited systems
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Base-excited systems
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Outline

Undamped, unforced response

Undamped, harmonic response

Damped, harmonic response

Vibration absorbers
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Displ.

Freq.

Equal-peak 

design

Resonance 

frequency to 

mitigate 

The Design Problem: Resonance Mitigation

TMDHost ?
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Tuned mass damper (TMD) principle
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Harmonic excitation
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Undamped TMD
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Peformance of an undamped TMD

ANIM
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Pendulum TMD
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Pendulum TMD
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Undamped pendulum TMD
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Pendulum TMD 

https://www.youtube.com/watch?v=GzMuF-LMGaM
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Damped TMD
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Optimal design of TMD
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Optimal design of TMD
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Optimal design of TMD for a base excitation
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TMD for pipe vibrations

https://www.youtube.com/watch?v=X25DJ1_po8s
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Pendulum TMD 

730 tons - $4 Million 

Damper

𝜔 =
𝑔

𝑙
≈ 0.15𝐻𝑧 ≈ 1𝑟𝑎𝑑/𝑠

𝑙 ≈ 10𝑚
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Pendulum TMD 
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TVA in Formula 1: A Benefit of 0.25s a Lap

Stabilization of the front end, especially over a kerb

(increased grip). One team even investigated a 30kg TMD. 

Banned by FIA after the mass damper affair in 2006.

Sealed cylinder with a 

disc sandwiched 

between 2 coil springs
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Electrical dampers @ ULiège

Electromechanical 

analogy
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Digital dampers @ ULiège

Piezoelectric 

transducer

Voltage sensor

Current injector

Microcontroller

𝑉

𝐼

𝑌

Digital vibration absorber (DVA)
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Digital dampers @ ULiège
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Industrial application: Safran Aero Boosters



64

In summary

Thorough analysis of a 2DOF oscillator with/without damping 

and with/without forcing.

Important concepts of mode shapes and FRFs.

Vibration absorption.


