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What is a nonlinearity ?
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Superposition principle

Cornerstone of linear theory:

A X

B Y

A+B X+YLIN

LIN

LIN
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No superposition for a nonlinear system !
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B Y

A+B ???NL

NL
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Outline

Introduction and motivation

Natural frequencies and frequency responses

4 important properties illustrated on a nonlinear beam
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3 main assumptions in linear structural dynamics

Linear elasticity → nonlinear materials  

Viscous damping → nonlinear damping mechanisms

Small displ. and rotations → nonlinear boundary conditions

→ geometrical nonlinearity

𝑀 ሷ𝑞 + 𝐶 ሶ𝑞 + 𝐾𝑞 = 0
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Stress

Strain

Stress

Strain

Hyperelastic material

(e.g., rubber)

Shape memory alloy

Assumption 1: nonlinear materials
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Assumption 1: ligament in your knee joint

Load

ExtensionToe region: 

normal range 
Linear Yield

Human cadaveric 

anterior cruciate 

ligament in knee 

joint (Dr. Ziv, 

MAE, Buffalo)
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Assumption 2: geometrical nonlinearities

ሷ𝜃 +
𝑔

𝐿
sin 𝜃 = 0

ሷ𝜃 +
𝑔

𝐿
𝜃 −

𝜃3

6
+⋯ = 0

ሷ𝜃 +
𝑔

𝐿
𝜃 = 0

𝑃𝑒𝑟𝑖𝑜𝑑 = 2𝜋
𝐿

𝑔

𝜃 ≪ 1

http://en.wikipedia.org/wiki/File:SimplePendulum01.JPG
http://en.wikipedia.org/wiki/File:SimplePendulum01.JPG


10

Assumption 3: nonlinear damping

Viscous damping but also…

Coulomb friction

Aerodynamic damping



11

Common sources of nonlinearity

Bolts, joints and gaps Elastomers and composites

Friction and contact Large amplitudes

https://www.google.be/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRxqFQoTCNSY48PnwccCFYHrFAodQNEJLw&url=https://en.wikipedia.org/wiki/Bolted_joint&ei=7xnbVZTlBoHXU8Cip_gC&psig=AFQjCNFGmgS2hKICnII_OToN2Fr1q0qi-g&ust=1440508778796203
https://www.google.be/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRxqFQoTCNSY48PnwccCFYHrFAodQNEJLw&url=https://en.wikipedia.org/wiki/Bolted_joint&ei=7xnbVZTlBoHXU8Cip_gC&psig=AFQjCNFGmgS2hKICnII_OToN2Fr1q0qi-g&ust=1440508778796203
http://www.google.be/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRxqFQoTCOX156ntwccCFUVpFAodR_EExQ&url=http://maybach300c.blogspot.com/2012/11/a-jumbo-jet-engine-how-to-build.html&ei=AyDbVaXoEMXSUcfik6gM&psig=AFQjCNEoA3_pJEOl76QsMGBmW_kcfBrazQ&ust=1440510308382861
http://www.google.be/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRxqFQoTCOX156ntwccCFUVpFAodR_EExQ&url=http://maybach300c.blogspot.com/2012/11/a-jumbo-jet-engine-how-to-build.html&ei=AyDbVaXoEMXSUcfik6gM&psig=AFQjCNEoA3_pJEOl76QsMGBmW_kcfBrazQ&ust=1440510308382861
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SLIDING

F-16 aircraft has a nonlinear sliding joint
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Identified nonlinearities
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It is nonlinear, so what ?

Frequency (Hz)

42 6

-40

-60

-80
8 10

-20

10 N RMS

100 N RMS

MODE 1
MODE 2

MODE 3

Decrease in stiffness  

Increase in damping

« Noisy » 

behavior

MODE 4
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Outline

Introduction and motivation

Natural frequencies and frequency responses

4 important properties illustrated on a nonlinear beam
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𝑚 ሷ𝑥 + 𝑘𝑥 = 0

Natural frequency of a linear oscillator

𝑥(𝑡) = 𝑋𝑐𝑜𝑠𝜔𝑡

−𝑚𝜔2𝑋𝑐𝑜𝑠 𝜔𝑡 + 𝑘𝑋𝑐𝑜𝑠 𝜔𝑡 = 0

𝜔 =
𝑘

𝑚
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𝑚 ሷ𝑥 + 𝑘𝑥 + 𝑘3𝑥
3 = 0

Natural frequency of a Duffing oscillator
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𝑚 ሷ𝑥 + 𝑘𝑥 + 𝑘3𝑥
3 = 0

Natural frequency of a Duffing oscillator

𝑥(𝑡) = 𝑋𝑐𝑜𝑠 𝜔𝑡

−𝑚𝜔2𝑋𝑐𝑜𝑠 𝜔𝑡 + 𝑘𝑋𝑐𝑜𝑠 𝜔𝑡 +𝑘3𝑋
3𝑐𝑜𝑠3𝜔𝑡 = 0

𝑐𝑜𝑠3𝜔𝑡 = (3𝑐𝑜𝑠 𝜔𝑡 + 𝑐𝑜𝑠 3𝜔𝑡)/4

−𝑚𝜔2 + 𝑘 +
3

4
𝑘3𝑋

2 = 0 1-term approximation

𝜔 =
𝑘 +

3
4
𝑘3𝑋

2

𝑚

Amplitude dependent !

Sign of k3 matters
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How do we calculate the NL frequency response ?

𝑥 = 𝑥 𝐹,𝜔, 𝑡 ?

𝑚 ሷ𝑥 + 𝑘𝑥 + 𝑘3𝑥
3 = 𝐹𝑠𝑖𝑛 𝜔𝑡
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The harmonic balance method

𝑚 ሷ𝑥 + 𝑘𝑥 + 𝑘3𝑥
3 = 𝐹𝑠𝑖𝑛 𝜔𝑡

𝑥(𝑡) = 𝑋𝑠𝑖𝑛 𝜔𝑡

−𝑚𝜔2𝑋𝑠𝑖𝑛 𝜔𝑡 + 𝑘𝑋𝑠𝑖𝑛 𝜔𝑡 +𝑘3𝑋
3𝑠𝑖𝑛3𝜔𝑡 = 𝐹𝑠𝑖𝑛 𝜔𝑡

𝑠𝑖𝑛3𝜔𝑡 = (3𝑠𝑖𝑛 𝜔𝑡 − 𝑠𝑖𝑛 3𝜔𝑡)/4
Nonlinear relation 

between X and F

𝑥 𝑡 = 𝑋𝑠𝑖𝑛 𝜔𝑡 + 𝑋3𝑠𝑖𝑛 3𝜔𝑡

Solution: infinite series of 

harmonics

OPTION 1: EXACT OPTION 2: APPROXIMATION

−𝑚𝜔2𝑋 + 𝑘X +
3

4
𝑘3𝑋

3 = 𝐹

Solve a 3rd order polynomial in X

(! BIFURCATIONS !)
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Can you draw X=X() ?
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The Harmonic Balance Method (with Damping)

𝑚 ሷ𝑥 + 𝑐 ሶ𝑥 + 𝑘𝑥 + 𝑘3𝑥
3 = 𝐹𝑠𝑖𝑛 𝜔𝑡

𝑥 𝑡 = 𝑋𝑠𝑖𝑛 𝜔𝑡 + 𝑋𝑐𝑜𝑠 𝜔𝑡

Same machinery
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In summary

1. Frequency-amplitude dependence:

2. Harmonics:

3. Bifurcations:

𝑠𝑖𝑛3𝜔𝑡 = (3𝑠𝑖𝑛 𝜔𝑡 − 𝑠𝑖𝑛 3𝜔𝑡)/4

−𝑚𝜔2𝑋 + 𝑘X +
3

4
𝑘3𝑋

3 = 𝐹

𝜔 =
𝑘 +

3
4
𝑘3𝑋

2

𝑚
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Outline

Introduction and motivation

Natural frequencies and frequency responses

4 important properties illustrated on a nonlinear beam
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Cantilever beam example

With a very thin beam at its tip: 

l=4cm 

t=0.05cm

l=70cm 

t=1.4cm

Beam @ ULiège
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A 1DOF model of the first beam mode identified

0.289 ሷ𝑥 + 0.1357 ሶ𝑥 + 11009𝑥 = 𝐹𝑠𝑖𝑛𝜔𝑡
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However, the thin beam is nonlinear

𝑙0

𝑙1
𝑥

Behavior of a cubic spring
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Evidence of a geometrical nonlinearity

𝑙0

𝑙1
𝑥

𝐹𝑣𝑒𝑟𝑡 = 2𝑘 𝑙1 − 𝑙0
𝑥

𝑙1
= 2𝑘𝑥 1 −

𝑙0

𝑥2 + 𝑙0
2

𝑙0

𝑥2 + 𝑙0
2

= 1 −
𝑥2

2𝑙0
2 +

3𝑥4

8𝑙0
4 + 𝑂(𝑥6)

𝐹 = 𝑘
𝑥3

𝑙0
2 + 𝑂(𝑥5)

Horizontal: spring forces cancel out

Vertical: spring forces add

elongation projection
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0.289 ሷ𝑥 + 0.1357 ሶ𝑥 + 11009𝑥 + 2.37.109 𝑥3 = 𝐹𝑠𝑖𝑛𝜔𝑡

A 1DOF nonlinear model of the first beam mode



1. Harmonics



31

Harmonic balance for the linear system

# harmonics=1

F=0.06N

Stepsize=30

Scaling=1e-6

0.0022 OK !
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Harmonic balance for the nonlinear system

F=0.06N

Stepsize=30

Scaling=1e-6

< 0.0022 NICE !
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Importance of harmonics



2. Frequency-amplitude 

dependence
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Variation of nonlinear frequency responses
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Measured nonlinear frequency responses

Increase in stiffness

Frequency  (Hz)

Displ. 

(m)



3. Bifurcations
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Bifurcations generate multi-valued response

x (m)

Frequency (Hz)

1 SOL. 3 SOL.
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The jump phenomenon

Airbus satellite
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The jump phenomenon

Airbus satellite



4. Stability
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Bifurcations Change Stability

x (m)

Frequency (Hz)

Stable
Stable

Stable

Unstable
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What Is Stability/Instability ?
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Starting from a Stable/Unstable Solutions

x (m)

Frequency (Hz)

32 Hz

6.555e-4

5.677e-4

9.098e-5
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Starting from a Stable/Unstable Solutions
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Starting from a Perturbed Stable Solution

Time (s)

x (m)

6.6e-4 

(stable sol.)
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Starting from a Perturbed Unstable Solution

Time (s)

6.6e-4 

(stable sol.)

x (m)



Is that all ?
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What’s Going On @ 1N (Far From Resonance) ?

11 harmonics

Adaptative stepsize
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The New Resonance Has Disappeared !

1 harmonics

Adaptative stepsize
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More Resonances @ 10N

11 harmonics

Stepsize=2
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Superharmonic Resonances



XXXXXX

Superposition principle

Linear Nonlinear

Simple frequency content

x2 x2

Invariance of FRFs

NO ! By definition …

NO ! Freq.-energy dependence

NO ! Harmonics

ω ω ω ω,3ω,5ω,…

Uniqueness of the solutions NO ! Bifurcations
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4 New Key Concepts

► Harmonics

► Frequency-amplitude 

dependence

► Bifurcations

► Stability

Rich frequency content

New resonances

Don’t extrapolate !

Nonuniqueness.

New resonances

Stable/unstable solutions
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Questions for the exam (L5)
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Questions for the exam (L6)


