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Motivation
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8. Interplanetary Trajectories

Patched conic method

Lambert’s problem

Gravity assist
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?
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What is the first step ?

The spacecraft is in parking orbit (circular) around the 

Earth.

What should be achieved first ?

𝑟𝑝



Reminder: 2-body problem
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Step 1: hyperbolic trajectory (escape the Earth)

Motion in the 

planetary 

reference frame



V1

Hyperbolic

orbit

2-body problem Earth-satellite

(Sun and Mars gravity neglected)
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How far can we go with this 2-body problem? 

Sphere of influence (SOI): a spacecraft is within the Earth’s 

SOI if the gravitational force due to Earth is greater than the 

gravitational force due to the sun.

2 2

, ,

E sat S sat

E sat S sat

Gm m Gm m

r r


5

, 2.5 10 kmE satr  
What’s wrong

with this value ?



9

ρ

d

1m

2m
jm

r

Central body: 

sun or planet

Spacecraft

Third body: 

sun or planet

O

3 3 3jGm
r d





 
+ = − + 

 

ρd
r r

Disturbing 

function

The 3-body problem
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The spacecraft orbits the planet or the Sun

( )
3 3 3

p v spsv
pv pv s

pv sv sp

G m m
Gm

r r r

+  
+ = − +  

 

rr
r r

p:planet                 

v: vehicle              

s:sun

pv p s− =r A P

Primary gravitational 

acceleration due to the planet

Perturbation 

acceleration due to 

the sun

( )
3 3 3

pv sps v

sv sv p

sv pv sp

G m m
Gm

r r r

 +
+ = − +  

 

r r
r r

sv s p− =r A P

Primary gravitational 

acceleration due to 

the sun

Perturbation 

acceleration due to 

the planet

Orbit the 

planet

Orbit the 

sun
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SOI: Correct Definition due to Laplace

It is the surface along which:

p s

s p

P P

A A
=

Measure of the deviation of 

the vehicle’s orbit from the 

Keplerian orbit arising from 

the planet acting by itself

Measure of the planet’s 

influence on the orbit of the 

vehicle relative to the sun

If                    the spacecraft is inside the SOI of the planet. 
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SOI Radii

Planet

Mercury 1.13x105 45

Venus 6.17x105 100

Earth 9.24x105 145

Mars 5.74x105 170

Jupiter 4.83x107 677

Neptune 8.67x107 3886

SOI Radius (km)
SOI radius 

(body radii)

OK !

2

5
p

SOI sp

s

m
r r

m

 
  
 



At the sphere of influence, far from the Earth
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Motion in the 

planetary 

reference frame

𝑣𝑆𝑂𝐼 ≈ 𝑣∞

≈ 1𝑒6 𝑘𝑚𝑠
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Planetary to heliocentric frame

Motion in the 

heliocentric 

reference frame

2-body problem Sun-satellite

(Earth’s gravity neglected)

𝑣𝑆𝑂𝐼 ≈ 𝑣∞ + 𝑣𝑒𝑎𝑟𝑡ℎ

≈ 1𝑒6 𝑘𝑚𝑠
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The minimum-fuel impulsive transfer orbit is the elliptic 

orbit that is tangent to both orbits at its apse line.

Reminder: Hohmann Transfer
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Step 2: Hohmann transfer

Motion in the 

heliocentric 

reference frame

𝑣𝑆𝑂𝐼 ≈ 𝑣∞ + 𝑣𝑒𝑎𝑟𝑡ℎ
is the velocity on the 

ellipse



Hohmann transfer design

𝑉 =
2𝜇𝑠𝑢𝑛𝑅𝑚𝑎𝑟𝑠

𝑅𝑒𝑎𝑟𝑡ℎ 𝑅𝑒𝑎𝑟𝑡ℎ + 𝑅𝑚𝑎𝑟𝑠
−

𝜇𝑠𝑢𝑛
𝑅𝑒𝑎𝑟𝑡ℎ

Velocity of the satellite 

on the elliptical orbit

around the Sun

Velocity of the Earth

around the Sun

2𝜇𝑠𝑢𝑛𝑅𝑚𝑎𝑟𝑠

𝑅𝑒𝑎𝑟𝑡ℎ 𝑅𝑒𝑎𝑟𝑡ℎ + 𝑅𝑚𝑎𝑟𝑠
−

𝜇𝑠𝑢𝑛
𝑅𝑒𝑎𝑟𝑡ℎ

≈ 𝑣∞ + 𝑣𝑒𝑎𝑟𝑡ℎ − 𝑣𝑒𝑎𝑟𝑡ℎ ≈ 𝑣∞

𝑣∞ + 𝑣𝑒𝑎𝑟𝑡ℎ 𝑣𝑒𝑎𝑟𝑡ℎ

𝜇𝑠𝑢𝑛=1.327e20

𝑅𝑒𝑎𝑟𝑡ℎ=149.6e9

𝑅𝑚𝑎𝑟𝑠=228e9

𝑣∞ ≈ 2.9𝑘𝑚/𝑠We can calculate !
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Let’s go back to our initial hyperbola

𝑣∞
/Earth Sunv

𝑣∞

/Earth Sunv

Which one is a transfer

to an outer (inner) planet ? 

𝑣∞ /Earth Sunv
for Hohmann
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We can now design the initial hyperbola

Motion in the 

planetary 

reference frame



V1

2-body problem Earth-satellite

(Sun’s gravity neglected)

𝑣∞ is known !

𝑟𝑝
is known !
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We want to calculate ΔV1 and 

2

(1 )
p

h
r

e
=

+
v

a


 =𝑣∞We know       and  𝑟𝑝

Orbit equation with =0

https://en.wikipedia.org/wi

ki/Hyperbolic_trajectory

2

2

1

1

h
a

e
=

−
We have 3 unknowns, 2 equations, but

2 2
p

p

h r v
r


= +

2

1
pr v

e



= +

p c

p p

h
v v v

r r


 = − = −

1 1
cos

e
 −=

Circ.Hyper. 
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Existence of launch windows: Mars should arrive at the apogee 

of the transfer ellipse at the same time the spacecraft does.

Dep.

Dep.

Arr.

Arr.

Arr.

Motion in the 

heliocentric 

reference frame
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Existence of Launch Windows

Phasing maneuvers are not practical due to the large 

periods of the heliocentric orbits.

The planet should arrive at the apse line of the transfer 

ellipse at the same time the spacecraft does.
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Transfer time

3/ 2

1 2
12

2
sun

R R
t





+ 
=  

 

Hohmann

𝜃𝑀𝑎𝑟𝑠,2 = 𝜃𝑀𝑎𝑟𝑠,1 + 𝑛2𝑡12

True

anomaly
Mean

motion

𝜃𝑀𝑎𝑟𝑠,1 = ∅0 = 𝜋 − 𝑛2𝑡12

7

12

0

2.2362 10 258.8 days

44

t s



=  =

=
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Step 3: Planetary arrival → similar reasoning

Departure 

hyperbola

Arrival 

hyperbola

Transfer 

ellipse

SOISOI
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Governing Equations

( )

( )

2
1

1 1 2

1
2

2 1 2

2
1

2
1

sun
D

sun
A

R
v v

R R R

R
v v

R R R





 
− = − 

 + 

 
− = − 

 + 

vA

v2



26

Patched conic method: in summary

Sequence of 2-body problems: outbound hyperbola 

(departure), Hohmann transfer ellipse (interplanetary 

travel) and inbound hyperbola (arrival) with one body 

always being the spacecraft.

Approximate method: if the spacecraft is close enough to 

one celestial body, the gravitational forces due to other 

planets are neglected.

Very useful for preliminary mission design (delta-v 

requirements and flight times). But actual mission design 

employs the accurate numerical integration techniques.
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Assumption of Circular, Coplanar Orbits

Planet

Mercury 7.00º 0.206

Venus 3.39º 0.007

Earth 0.00º 0.017

Mars 1.85º 0.094

Jupiter 1.30º 0.049

Saturn 2.48º 0.056

Uranus 0.77º 0.046

Neptune 1.77º 0.011

Pluto 17.16º 0.244

Inclination of the orbit 

to the ecliptic plane
Eccentricity

KO !

KO !
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Earth-Jupiter Example: Hohmann

Galileo’s original mission was 

designed to use a direct 

Hohmann transfer, but 

following the loss of 

Challenger Galileo's intended 

Centaur booster rocket was 

no longer allowed to fly on 

Shuttles. Using a less-

powerful solid booster rocket 

instead, Galileo used gravity 

assists instead. 
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Earth-Jupiter Example: Hohmann

( )

( )

2
1

1 1 2

1
2

2 1 2

Velocity when leaving Earth's SOI:

2
1 8.792km/s

Velocity relative to Jupiter at Jupiter's SOI:

2
1 5.643km/s

Transfer time: 2.732 years

E sun
D

J sun
A

R
v v v

R R R

R
v v v

R R R









 
− = = − = 

 + 

 
− = = − = 

 + 
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Earth-Jupiter Example: Departure

2

2

Velocity on a circular parking orbit (300km):

7.726km/s

2
7.726 km/s 6.298km/s

1 2.295

E
c

E

p

p

v
R h

v v
r

r v
e











= =
+

 = + − =

= + =
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Earth-Jupiter Example: Arrival

J

2

Final orbit is circular with radius=6R

2 (1 )
24.95 17.18 7.77km/s

e=1.108

p p

e
v v

r r

 


+
 = + − = − =
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Rendez-vous opportunities: synodic period

1 10 1

2 20 2

2 1

n t

n t

 

 

  

= +

= +

= −

( )0 2 1n n t = + −

( )0 0 2 12 synn n T  − = + −
1 2

2
synT

n n


=

−

1 2

1 2

syn

TT
T

T T
=

−

365.26 687.99
777.9 days

365.26 687.99
synT


= =

−



33

Earth-Mars mission

The total time for a manned Mars mission is 

258.8 + 453.8 + 258.8 = 971.4 days = 2.66 years

1. In 258 days, Mars travels 258/688*360=135 degrees. Mars should 

be ahead of 45 degrees.

2. In 258 days, the Earth travels 258/365*360=255 degrees. At Mars 

arrival, the Earth is 75 degrees ahead of Mars.

3. At Mars departure, the Earth should be behind Mars of 75 degrees.

4. A return is possible if the Earth wins 360-75-75=210 degrees w.r.t. 

Mars. The Earth wins 360/365-360/688=0.463 degrees per day. So 

one has to wait 210/0.46=453 days.
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Hohmann Transfer: Other Planets

Planet

Mercury

Venus

Mars

Jupiter

Saturn

Pluto

v departure 

(km/s)

Transfer time 

(days)

7.5

2.5

2.9

8.8

10.3

11.8

105

146

259

998

2222

16482

Assumption of circular, co-planar orbits and 

tangential burns
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Venus Express: A Hohmann-Like Transfer

C3 = 7.8 km2/s2

Time: 154 days

C3 = 6.25 km2/s2

Time: 146 days

Real data

Hohmann

Why ?
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Sensitivity Analysis: Departure

The maneuver occurs well within the SOI, which is just a 

point on the scale of the solar system.

One may therefore ask what effects small errors in position 

and velocity (rp and vp) at the maneuver point have on the 

trajectory (target radius R2 of the heliocentric Hohmann 

transfer ellipse).

1

2 1

2

12

2

2

1
2

p p p

D D p p D p

sun

v
r r vR

R vR v v r r v v



  







 
+ 

 = +
 

−  
 
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Sensitivity Analysis: Earth-Mars, 300km Orbit

11 3 2 3 2

1

6 6

1 2

1.327 10 km / , 398600 km /

149.6 10 km, 227.9 10 km, 6678 km

32.73 km / , 2.943 km /

sun

p

D

s s

R R r

v s v s

 



=  =

=  =  =

= =

2

2

3.127 6.708
p p

p p

r vR

R r v

 
= +

A 0.01% variation in the burnout speed vp changes the 

target radius by 0.067% or 153000 km.

A 0.01% variation in burnout radius rp (670 m !) produces 

an error over 70000 km.
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Sensitivity Analysis: Launch Errors

Ariane V

Trajectory correction maneuvers are clearly mandatory.
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Sensitivity Analysis: Arrival

The heliocentric velocity of Mars in its orbit is roughly 

24km/s.

If an orbit injection were planned to occur at a 500 km 

periapsis height, a spacecraft arriving even 10s late at 

Mars would likely enter the atmosphere.



Cassini-Huygens
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6. Interplanetary Trajectories

6.2 Lambert’s problem
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Nontangential Burns

Section 6.1 discussed Hohmann interplanetary transfers, 

which are optimal with respect to fuel consumption.

Why should we consider nontangential burns (i.e., non-

Hohmann transfer) ?

L05
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Non-Hohmann Trajectories

Solution using Lambert’s 

theorem (Lecture 05): 

If two position vectors and the 

time of flight are known, then the 

orbit can be fully determined. 
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NASA Insight: 205 days vs. 258 days
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Venus Express Example
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Porkchop Plot: Visual Design Tool 

Departure date

Arrival date

C3 contours

C3 contours

In porkchop plots, orbits are considered to be non-coplanar and elliptic.





Type I transfer for 

piloted: the

spacecraft travels less 

than a 180° true 

anomaly

Type II transfer for 

cargo: the

spacecraft travels 

more than a 180° true 

anomaly
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6. Interplanetary Trajectories

Gravity assist
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ΔV Budget: Earth Departure

Planet

Mercury

Venus

Mars

Jupiter

Saturn

Pluto

C3                       

(km2/s2)

[56.25]

6.25

8.41

77.44

106.09

[139.24]

Assumption of circular, 

co-planar orbits and 

tangential burns

SOYUZ
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ΔV Budget: Arrival at the Planet

A spacecraft traveling to an inner planet is accelerated 

by the Sun's gravity to a speed notably greater than the 

orbital speed of that destination planet. 

If the spacecraft is to be inserted into orbit about that 

inner planet, then there must be a mechanism to slow 

the spacecraft. 

Likewise, a spacecraft traveling to an outer planet is 

decelerated by the Sun's gravity to a speed far less than 

the orbital speed of that outer planet. Thus there must 

be a mechanism to accelerate the spacecraft. 



58

Prohibitive ΔV Budget ? Use Gravity Assist

Also known as planetary flyby trajectory, slingshot 

maneuver and swingby trajectory.

Useful in interplanetary missions to obtain a velocity 

change without expending propellant.

This free velocity change is provided by the gravitational 

field of the flyby planet and can be used to lower the Δv 

cost of a mission.
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What Do We Gain ?

Spacecraft 

inbound velocity

Spacecraft 

outbound velocity

Vout = Vin 

SOI

http://upload.wikimedia.org/wikipedia/commons/e/e2/Jupiter.jpg


60

Gravity Assist in the Heliocentric Frame

SOI

Planet’s sun 

relative velocity

Resultant Vin

Resultant Vout

, ,out in = −Δv v v

http://upload.wikimedia.org/wikipedia/commons/e/e2/Jupiter.jpg
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A Gravity Assist Looks Like an Elastic Collision

Inertial frame

Frame attached to 

the train

Inertial frame

Frame attached to 

the train
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Leading-Side Planetary Flyby

A leading-side flyby results in a 

decrease in the spacecraft’s 

heliocentric speed (e.g., Mariner 

10 and Messenger).
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Trailing-Side Planetary Flyby

A trailing-side flyby results in an 

increase in the spacecraft’s 

heliocentric speed (e.g., 

Voyager and Cassini-Huygens).
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What Are the Limitations ?

Launch windows may be rare (e.g., Voyager).

Presence of an atmosphere (the closer the spacecraft can 

get, the more boost it gets).

Encounter different planets with different (possibly harsh) 

environments.

What about flight time ?
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V

V

E

J

G

A

See Lecture 1
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Rosetta

https://solarsystem.nasa.gov/multimedia/gallery/Chmielewski-3.jpg
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Messenger

http://upload.wikimedia.org/wikipedia/commons/5/5e/MESSENGER_trajectory.svg
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Hohmann Transfer vs. Gravity Assist

Planet
Transfer time 

(days)

Mercury 2400

Saturn 2500

Remark: the comparison between the transfer times is difficult, 

because it depends on the target orbit. The transfer time for gravity 

assist mission is the time elapsed between departure at the Earth 

and first arrival at the planet. 

C3             

(km2/s2)

[56.25]

106.09

Transfer time 

(days)

105

C3             

(km2/s2)

16.4

16.6

Real 

mission

Messenger

Cassini 

Huygens
2222

Gravity assist
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