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Review of linear theory
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Instructors: G. Kerschen, G. Raze

Contact details:

Course details:

► Space Structures and Systems Lab (S3L)                                     

Aerospace and Mechanical Engineering Department

► Room: +2/420 (B52 building)

► g.kerschen, g.raze@uliege.be

►  http://www.s3l.be
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The starting point: what you know
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What is a nonlinearity ?
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What is a nonlinear vibration ?

𝑀 ሷ𝑞 + 𝐶 ሶ𝑞 + 𝐾𝑞 = 0
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Typical nonlinearities in real-life structures

Bolts, joints and gaps Elastomers and composites

Friction and contact Large amplitudes

https://www.google.be/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRxqFQoTCNSY48PnwccCFYHrFAodQNEJLw&url=https://en.wikipedia.org/wiki/Bolted_joint&ei=7xnbVZTlBoHXU8Cip_gC&psig=AFQjCNFGmgS2hKICnII_OToN2Fr1q0qi-g&ust=1440508778796203
http://www.google.be/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRxqFQoTCOX156ntwccCFUVpFAodR_EExQ&url=http://maybach300c.blogspot.com/2012/11/a-jumbo-jet-engine-how-to-build.html&ei=AyDbVaXoEMXSUcfik6gM&psig=AFQjCNEoA3_pJEOl76QsMGBmW_kcfBrazQ&ust=1440510308382861
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Contact phenomena in an aerospace structure
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More nonlinear aerospace structures

Oil tank (SAB)Nozzle (Ariane) Airbus A320 (Airbus)
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Why study nonlinearity ? Nature is nonlinear

DNA molecule: Smith, Finzi, 

Bustamante, Science, 1992
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Why study nonlinearity ? Nature is nonlinear

Load

ExtensionToe region: 

normal range 
Linear Yield

Human cadaveric 

anterior cruciate 

ligament in knee 

joint (Dr. Ziv, 

MAE, Buffalo)
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Why study nonlinearity ? No superposition principle
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Why study nonlinearity ? Very different dynamics
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Very different dynamics: a real-life example
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excitation 

Airbus DS satellite

New resonance !
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What is a sine sweep ?

𝑢(𝑡) = 𝐴 𝑠𝑖𝑛 2𝜋𝑓0 𝑡 − 𝑡0 + 2𝜋
𝑟

2
𝑡 − 𝑡0

2 + 𝜑0

Time (s) Time (s)

Force (N) Forcing frequency (Hz)
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Very different dynamics: another real-life example

A320 NEO (Toulouse)

Evidence of quasiperiodic motion 

between two resonances
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Course objectives

At the end of this course, you will 

You will be exposed to new theoretical concepts, advanced 

computational methods and practical experimental techniques

► Understand the impact of nonlinearity on system dynamics.

► Master the concepts of mode shape, resonance frequency and 

frequency response function of nonlinear systems.

► Be familiar with new nonlinear concepts incuding stability and 

bifurcations.

► Recognize nonlinearity in real-world (aerospace) structures.

► Know how to use the NI2D software.
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The Nonlinear Identification to Design software
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Course outline

1. Brief review of linear theory

2. Impact of nonlinearity, nonlinear FRFs and 4 new concepts

3. Mathematical modeling and numerical computation

4. Nonlinear modes

5. Introduction to system identification and nonlinearity detection

6. Nonlinearity characterization

7. Nonlinear parameter estimation

8. Advanced concepts: bifurcations, modal interactions, isolas.
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How to write the governing equations ?

−
𝑑

𝑑𝑡

𝜕𝑇

𝜕 ሶ𝑞𝑠
+

𝜕𝑇

𝜕𝑞𝑠
−

𝜕𝑉

𝜕𝑞𝑠
−

𝜕𝐷

𝜕𝑞𝑠
+ 𝑄𝑠 𝑡 = 0, 𝑠 = 1,…𝑛. 

Lagrange equations for n generalized coordinates

𝑇 =
1

2
𝑚𝑣2 =

1

2
𝑚𝐿2𝜔2 =

1

2
𝑚𝐿2 ሶ𝜃2

𝑉 = 𝑚𝑔𝐿(1 − 𝑐𝑜𝑠𝜃)

ሷ𝜃 +
𝑔

𝐿
sin 𝜃 = 0

http://en.wikipedia.org/wiki/File:SimplePendulum01.JPG
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Let’s calculate the period of the motion

𝑇 + 𝑉 = 𝐸

1

2
𝑚𝐿2 ሶ𝜃2 +𝑚𝑔𝐿 1 − 𝑐𝑜𝑠𝜃 = 𝑚𝑔𝐿(1 − 𝑐𝑜𝑠𝜃0)

ሶ𝜃 =
𝑑𝜃

𝑑𝑡
= ±

2𝑔

𝐿
(𝑐𝑜𝑠𝜃 − 𝑐𝑜𝑠𝜃0)

𝑑𝑡 =
𝑑𝜃

ሶ𝜃
=

𝐿

2𝑔(𝑐𝑜𝑠𝜃 − 𝑐𝑜𝑠𝜃0)
𝑑𝜃

𝑃𝑒𝑟𝑖𝑜𝑑 = 4
𝐿

2𝑔
න
0

𝜃0 𝑑𝜃

𝑐𝑜𝑠𝜃 − 𝑐𝑜𝑠𝜃0
= 2𝜋

𝐿

𝑔
1 +

𝜃0
2

16
+⋯
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Linearization around an equilibrium

𝑉 𝑞 = 𝑉 0 +෍

𝑠=1

𝑛
𝜕𝑉

𝜕𝑞𝑠 𝑞=0

+
1

2
෍

𝑠=1

𝑛

෍

𝑟=1

𝑛
𝜕2𝑉

𝜕𝑞𝑠𝜕𝑞𝑟 𝑞=0

𝑞𝑟𝑞𝑠 +⋯

𝑉 𝑞 =
1

2
෍

𝑠=1

𝑛

෍

𝑟=1

𝑛

𝑘𝑟𝑠𝑞𝑟𝑞𝑠 =
1

2
𝑞𝑇𝐾𝑞

𝑇 ሶ𝑞 =
1

2
෍

𝑠=1

𝑛

෍

𝑟=1

𝑛

𝑚𝑟𝑠 ሶ𝑞𝑟 ሶ𝑞𝑠 =
1

2
ሶ𝑞𝑇𝑀 ሶ𝑞

𝑀 ሷ𝑞 + 𝐾𝑞 = 0
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Linearization of the pendulum 

ሷ𝜃 +
𝑔

𝐿
sin 𝜃 = 0

ሷ𝜃 +
𝑔

𝐿
𝜃 −

𝜃3

6
+⋯ = 0

ሷ𝜃 +
𝑔

𝐿
𝜃 = 0

𝑃𝑒𝑟𝑖𝑜𝑑 = 2𝜋
𝐿

𝑔

𝜃 ≪ 1

http://en.wikipedia.org/wiki/File:SimplePendulum01.JPG
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3 main assumptions in linear structural dynamics

Linear elasticity → nonlinear materials  

Viscous damping → nonlinear damping mechanisms

Small displ. and rotations → nonlinear boundary conditions

→ geometrical nonlinearity

𝑀 ሷ𝑞 + 𝐶 ሶ𝑞 + 𝐾𝑞 = 0
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Stress

Strain

Stress

Strain

Hyperelastic material

(e.g., rubber)

Shape memory alloy

Assumption 1: nonlinear materials
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Assumption 1: ligament in your knee joint

Load

ExtensionToe region: 

normal range 
Linear Yield

Human cadaveric 

anterior cruciate 

ligament in knee 

joint (Dr. Ziv, 

MAE, Buffalo)
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Assumption 2: geometrical nonlinearities

Green’s strain tensor

𝑙0

𝑙1
𝑥

𝐹 = 2𝑘 𝑙1 − 𝑙0
𝑥

𝑙1
= 2𝑘𝑥 1 −

𝑙0

𝑥2 + 𝑙0
2

𝑙0

𝑥2 + 𝑙0
2

= 1 −
𝑥2

2𝑙0
2 +

3𝑥4

8𝑙0
4 + 𝑂(𝑥6)
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Assumption 2: a nonlinear beam in our lab
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Assumption 3: nonlinear damping

Viscous damping but also…

Coulomb friction

Aerodynamic damping
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Resonance, a key concept in vibration theory

Numerical

Analytical

ANIM
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Resonance, a key concept in vibration theory

https://www.youtube.com/watch?v=10lWpHyN0Ok
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Resonance, a key concept in vibration theory

https://www.youtube.com/watch?v=JiM6AtNLXX4
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𝑀 ሷ𝑞 + 𝐾𝑞 = 0

The concept of a mode shape 

𝑞 = 𝑥 𝜑(𝑡)

Synchronous vibration of 

the structure

𝑑𝑒𝑡 𝐾 − 𝜔2𝑀 = 0

𝐾 −𝜔(𝑟)
2𝑀 𝑥(𝑟) = 0

𝜑𝑟 𝑡 = 𝛼𝑟𝑐𝑜𝑠 𝜔𝑟𝑡 + 𝛽𝑟𝑠𝑖𝑛 𝜔𝑟𝑡

n natural frequencies

n normal modes

normal coordinates

+
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Normal nodes: important properties

Clear physical meaning: 

Important mathematical properties: 

► Orthogonality

► Decoupling of the equations of motion (modal superposition) 

► Invariance

► Structural deformation at resonance 

► Synchronous vibration of the structure
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The concept of a FRF

𝑀 ሷ𝑞 + 𝐾𝑞 = 𝑠 𝑐𝑜𝑠 𝜔𝑡 𝑞 = 𝑥 𝑐𝑜𝑠 𝜔𝑡+

𝑥 = 𝐾 − 𝜔2𝑀 −1𝑠 = 𝐻 𝜔 𝑠

FRF

𝐻 𝜔 =෍
𝑥(𝑠)𝑥(𝑠)

𝑇

𝜔𝑠
2 −𝜔2 𝜇𝑠

Clear link between the FRF 

and the modal parameter



36

FRF: important properties

► The FRF is a constant system properties for a linear system 

► FRF can be easily estimated from measured data

► Very convenient way of locating resonance frequencies
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Time response: mode displacement method

𝑀 ሷ𝑞 + 𝐾𝑞 = 𝑝 𝑡 = 𝑔 𝜑(𝑡)

𝑞 𝑡 =෍

𝑠=1

𝑛
𝑥 𝑠 𝑥 𝑠

𝑇𝑔

𝜇𝑠𝜔𝑠
න
0

𝑡

𝑠𝑖𝑛𝜔𝑠(𝑡 − 𝜏)𝜑(𝑡)𝑑𝜏

𝑞 𝑡 = ෍

𝑠=1

𝑘<𝑛
𝑥 𝑠 𝑥 𝑠

𝑇𝑔

𝜇𝑠𝜔𝑠
න
0

𝑡

𝑠𝑖𝑛𝜔𝑠(𝑡 − 𝜏)𝜑(𝑡)𝑑𝜏

Exact

Approximate
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Time response: numerical integration

Compute 0q

Time incrementation
htt nn +=+1

Prediction

( )

( ) nnnn

nnn

hh

h

qqqq

qqq





2*
1

*
1

5.0

1





−++=

−+=

+

+

Computation of accelerations

*
1

*
111

2

++++ −−=

++=

nnnn

hh

qKqCpqS

KCMS





Correction

1
2*

11

1
*

11

+++

+++

+=

+=

nnn

nnn

h

h

qqq

qqq









00 ,,, qqKCM 
Newmark integration 

scheme for linear systems
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Time response: numerical integration

Compute 0q

Time incrementation
htt nn +=+1

Prediction

( )

( )

0

5.0

1

1

2
1

1

=

−++=

−+=

+

+

+

n

nnnn

nnn

hh

h

q

qqqq

qqq











Residual vector evaluation

1111 ++++ −+= nnnn gfqMr 

Calculation of the correction

00 ,,,, qqSpfM 

Convergence ?

11 ++  nn fr 

( )),( 000
1

0 qqfgMq  −= −

11)( ++ −= nn rqqS

Correction

qqq

qqq

qqq

+=

+=

+=

++

++

++

211

11

11

1

h

h

nn

nn

nn











Yes

No

Newmark integration scheme

for nonlinear systems
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Very important: sampling frequency

( )

( )
1224

1

2

1

12
0

4

1

2

1

24
046.3

6

1

2

1

045.2
12

1

2

1

24
020

2

1

4
000

1

22222

22

22

3

22

22

hh

h

h

hO

h

h

T

T
h

















−
+

+



−

−


−

(modified)onaccelerati

constantAverage

onaccelerati

constantAverage

onacceleratiLinear

Goodwin&Fox

differenceCentral

explicitPurely

Algorithm

Amplitude 
error

Periodicity 
error

Stability
limit

Accuracy
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In Summary: important linear concepts/methods

Mode shapes, resonance frequencies, damping ratios

Frequency response functions (FRFs)

Modal superposition/numerical integration

OPEN QUESTION: 

Will they remain valid/useful for nonlinear systems ?
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