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Two keywords in the title:

Vibration & Nonlinear
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Vibration in everyday life… also in the sky…
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Vibration as a result of motion

Objective: create motion

Apply force

Vibration is generated

Uncomfort, fatigue, 

noise, damage,…

Elastomeric engine mounts are designed to 

absorb vibrations from the engine and 

isolate them from the vehicle’s chassis, 

thereby reducing noise and vibrations felt by 

the driver and passengers
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Vibration in everyday life ? 

Why so heavy ?

3 reasons: acoustics, 

comfort, damage !
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Vibrations can also be beneficial: hear sound 

Sound vibrations from the bones of the middle ear 

transfer to the fluids of the cochlea. Tiny sensors lining 

the cochlea, called hair cells, change the vibrations into 

electrical impulses that are sent along the auditory nerve 

to the brain.

The vibration of the eardrum starts a chain 

of vibrations through the bones. Because 

of differences in the size, shape and 

position of the three bones, the force of 

the vibration goes up by the time it gets to 

the inner ear. This rise in force is needed 

to transfer the energy of the sound wave 

to the fluid of the inner ear.
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Vibrations can also be beneficial: create sound
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Vibrations of aerospace structures 

Ground resonance of 

an helicopter

Aeroelastic flutter of 

the F-16 aircraft
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This course is about nonlinear vibration

A nonlinear function, as its name suggests, is a function 

that is NOT linear. Thus, the graph of a nonlinear function is 

NOT a line; its graph can be anything other than a line.



Nonlinear: why ?
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Nature is nonlinear

Résultat de recherche d'images pour "solar system"

Is the solar system stable ?

http://www.google.be/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjBtqDMj7rTAhXLPBQKHcZdAfgQjRwIBw&url=http://annakaharris.com/our-solar-system/&psig=AFQjCNF9fzBTFjnx1yVI-3F274SqtlFVPw&ust=1493021112909718
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You are nonlinear
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You are nonlinear

DNA molecule: Smith, Finzi, 

Bustamante, Science, 1992
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Aerospace structures are nonlinear

Stiffness

Stiffness
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Nonlinear vibrations can be extremely complex

Credit: S. Troy, UWash

Three double pendulums with near identical 

initial conditions diverge over time, displaying 

the chaotic nature of the system. 



What you’ve done so far
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The starting point of this course
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Nonlinearity is the norm
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Linearization
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The linearization concept: potential energy
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The linearization concept: kinetic energy
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The fundamental equation of linear vibration

𝑀 ሷ𝑦 + 𝐶 ሶ𝑦 + 𝐾𝑦 = 0
with viscous 

damping
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3 main assumptions in linear structural dynamics

Linear elasticity → nonlinear materials  

Viscous damping → nonlinear damping mechanisms

Small displ. and rotations → nonlinear boundary conditions

→ geometrical nonlinearity

𝑀 ሷ𝑦 + 𝐶 ሶ𝑦 + 𝐾𝑦 = 0



Aerospace structures 

are nonlinear



25

Real-life examples
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Source of nonlinearity #1: materials

Stress

Strain
Hyperelastic material 

(e.g., rubber)
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Source of nonlinearity #1: ligament in your knee joint

Load

ExtensionToe region: 

normal range 
Linear Yield

Human cadaveric 

anterior cruciate 

ligament in knee 

joint (Dr. Ziv, 

MAE, Buffalo)



28

Source of nonlinearity #1: Airbus A400M
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Source of nonlinearity #2: large displacements

Green’s strain 

tensor
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Source of nonlinearity #2: large displacements
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Source of nonlinearity #2: large displacements

To guarantee excellent structural properties with 

limited weight, lighter materials are used. Since 

the structures are light and slender, they are more 

flexible. As a result, they are prone to significant 

structural displacements outside the linear 

regime, known as geometric non-linearities. 
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Source of nonlinearity #3: boundary conditions 

Engine hot air

Wing ribs

(Aluminium)

Piccolo tube

(Titanium)



33

Source of nonlinearity #3: boundary conditions 
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Source of nonlinearity #3: guess the NL function ?

FORCE

DISP

… ?

Stiffness of the 

titanium tube? …
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Source of nonlinearity #4: damping

Linear viscours 

damping friction

Coulomb friction

(interfacial damping)

Aerodynamic damping and material damping
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Source of nonlinearity #4: F-16 aircraft
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Common sources of nonlinearity

Bolts, joints and gaps Elastomers and composites

Friction and contact Large amplitudes

https://upload.wikimedia.org/wikipedia/commons/thumb/e/e5/Bolted_joint.svg/2000px-Bolted_joint.svg.png

http://2.bp.blogspot.com/-IoxW0cgObRI/UKZZe7R4y0I/AAAAAAAAee8/W5UxeyvXZBY/s400/Fan+Blade30.jpg

https://www.google.be/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRxqFQoTCNSY48PnwccCFYHrFAodQNEJLw&url=https://en.wikipedia.org/wiki/Bolted_joint&ei=7xnbVZTlBoHXU8Cip_gC&psig=AFQjCNFGmgS2hKICnII_OToN2Fr1q0qi-g&ust=1440508778796203
http://www.google.be/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRxqFQoTCOX156ntwccCFUVpFAodR_EExQ&url=http://maybach300c.blogspot.com/2012/11/a-jumbo-jet-engine-how-to-build.html&ei=AyDbVaXoEMXSUcfik6gM&psig=AFQjCNEoA3_pJEOl76QsMGBmW_kcfBrazQ&ust=1440510308382861
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Can I be safe with a linearized model ?





Nonlinear: how ?
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Course objectives

At the end of this course, you will 

► Understand the impact of nonlinearity on system dynamics.

► Master the concepts of mode shape, resonance frequency  and 

frequency response of nonlinear systems.

► Be familiar with new nonlinear concepts including stability and 

bifurcations.

► Recognize nonlinearity in real-world (aerospace) structures.

► Know how to use the NI2D software.
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3 main parts in the NLVIB course

1. THEORY 

• 1DOF systems (free and forced response)

• 2DOF systems (free and forced response)

2. NUMERICAL COMPUTATION

• How to calculate the response of a nonlinear system numerically ?

• How to calculate bifurcation diagrams ?

3. EXPERIMENTAL DATA ANALYSIS

• How to recognize the presence of nonlinearity in experimental data ?

• How to know more about the nonlinearity ?

COURSE PROJECT

• Experimental data analysis

• Develop your own numerical solver
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Course evaluation

January: course project and its oral defense (100%)

August: oral exam based on the course slides
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Course philosophy

Today End of the course

PHYSICAL INSIGHT

PRACTICAL IMPLICATIONS 

INDUSTRIAL APPLICATIONS

COMPLICATED MATH

ACADEMIC EXAMPLES
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