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Nonlinear System Identification: a Three-Step Process

o

Detection

Characterisation

®

Estimation

l

Information
VS. complexity

Do | observe nonlinear effects? Yes.

Should | build a nonlinear model? Yes.

Where is the nonlinearity located? At the joint.
What is the underlying physics? Dry friction.
How to model its effects? f,,;(q,q) = c sign(q).

Model parameters? ¢ = 5.47. | This lecture

How uncertain are they? ¢ = NV (5.47,1).



lThe Three Basic Ingredients in NL Parameter Estimation

Input Output

Nonlinear

—> —>
system

Cost
function

Model: output = F (input)



lOutIine of Lecture 9

The restoring force surface method.

Parameter estimation in linear structural models.

Nonlinear problem statement, state-space model structure and
FNSI.

Numerical application to the SmallSat spacecratft.

Experimental application to a solar array structure.



lThe Restoring Force Surface Method: Sdof Case

Newton’'s second law for a single-degree-of-freedom
oscillator reads

mq +f(q1 q) — fext
l.e.

f(q; CI) = fext — M(

If one knows m, and measures f.,; and either g, g or
g, the restoring force f(q,q) can be computed and
visualized as a surface in the (q,q,f) space. This Is
called the restoring force surface (RFS).



The RFS for a Duffing Oscillator
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lThe RFS for Mdof Systems

For a multiple-degree-of-freedom system,

Mq + f(q: q) — fext
l.e.

f(q: q) = fext — MQq

If one knows M, and measures f.,; and either q, q or
g, the restoring force f(q, q) can be computed.

However, f cannot be plotted as a simple surface In
general since it depends on 2N variables.



lThe RFS for Mdof Systems: Nonparametric Representation

Around the resonance of a mode,
q= ¢n

Projecting the equations of motion onto the mode
shape,

¢ f(dn, ¢1) = ¢ foxr — ' M

The (modal) restoring force ¢’ f(¢pn, dn) can now be
plotted as a surface in the (n,7, ' f) space.



The RFS with a Nonlinear Beam: Modal Force

Beam excited near mode 1 o0
(cf. Tutorial 06) 4o
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lThe RFS for Mdof Systems: Justification for the ASM

The projection can be arbitrary. If we know the location
of the nonlinearity, say, with a vector 1 such that

1=1o0,..,0,1,0,..,0] or 1=]o0,..,0,-1,0,..,0,1,0,...,0]
l l Ji

we can project the equations using this vector
"f(dn, 1) = 1"fey — 1" Mdpij

Since q = ¢n, any dof is proportional to n and can be
used as a coordinate for the RFS.

When 1'f.,. = 0, this gives a more formal justification for
the ASM.
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lThe RFS for Mdof Systems: Parametric Representation

The RFS can be used for nonlinear parameter
estimation if one assumes a functional form for f;
(obtained e.g. from nonlinear characterization)

M‘assumed
fu(a @ = ) kifia d)
=1 measured
SO
k1
fi(a.q) - fu(q q)] [ki = fext —Mq — Cq — Kq
M

The coefficients k-, ky, can be estimated by fitting
measurements.
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lThe RFS for Mdof Systems: Least-Squares Fit

If one has Q measurement points at times ¢, ..., ty,
f1(q(t), q(t)) - fu(q(t), a(t) | [k

fu(a(to) aCt)  fu(alte) alte))] Lo
foxt(t1) — M‘l(t1) Cq(t;) — Kq(ty)

fext(to) — Mq(tQ) Ca(ty) —Ka(to)
and a Ieast-squares solution is

[ ] f1(q(t1);CI(t1)) fM(Q(t1)»CI(t1))-
fl(q(tQ)'q(tQ)) fM(q(tQ)'q(tQ))_

o (81) — MG (¢y) - Cq(t;) — Kq(ty)

fore (o) — Mii(to) — Ca(ty) — Ka(ty)




The RFS with a Nonlinear Beam

fXag:0)

For the nonlinear beam, if one assumes the correct
nonlinearities, one retrives the correct coefficients from
measurements.
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l System with a Trilinear Stiffness

Consider the trilinear oscillator

%4 0.01% 4 x + £y (%) = Fare(£)

(1 +x, x < -1 /
fax) =4 0, —-1<x<1 fu
X

What happens if we do not know this functional form a priori?

with




l Let Us Try a Polynomial Fit

If we apply the RFS with polynomials of increasing order
and consider the mean squared error (MSE)

MSE .
1f(q, q)|

we obtain

10°3

The error goes up?!

Mean square error (-)
o

—
S
N
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Polynomial order (-)



lA Polynomial Fit of Order 9 Looks Alright

150

100 ¢

-10
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Is this a good fit?

3'd order polynomial
MSE = 16.6%

oth order polynomial
MSE =5.73%
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lYes but... Be Careful About Overfitting!

f(9,0)

500
3'd order polynomial
0 L
oth order polynomial
-500 ' ' '
-20 -10 0 10 20

q
The MSE does not give the full picture.

Be careful about extrapolation!

Nonlinearity characterization is crucial for parameter
estimation.
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lThe Parametric RFS for Mdof Systems in Summary

The parametric RFS:

IS a very simple method.

works well (provided nonlinear characterization is
correct).

requires to know the full M and potentially C and K
as well (not easy in experiments).

can work with ¢'Md, which can be determined
more easily, but the method becomes approximate.
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lOutIine of Lecture 9

Parameter estimation in linear structural models.
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lState—Space Formulation of the Estimation Problem

Mq+C,q+Kq=p

linear system forcing function

Vo

state eq. x(t) =/Ax(t) + B u(t)
y(t) = Cx(t) + Du(t)

The state-space matrices
A € R™" B € R™
C e ]ROXTL D e ]ROXL'

are now the parameters to be estimated.

measurement eq.
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lWhy Use State-Space Models?

Most general representation of linear systems.
They are naturally applicable to the multi-input, multi-output case.

There exist efficient algorithms to solve linear state-space
Identification problems, e.g., subspace methods.

21



lDiscrete—time Freguency-domain Representation

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

Discrete time
+

Frequency domain

\4

{zk X(k) = Aq X(k) + B4 U(k)

z-transform variable: Zj, = eJ2mk/N



l How to find the state-space matrices?

The state-space matrices can be found as a least-squares
solution:

(A4, Bg, Cq,Dy)

= arg minZIY(k) — (Cq(zxgl —Ag)™'Bg + Dd)@F

k

Measured Measured

They can be calculated using a (nonlinear) optimization
procedure. However, this problem

* |s difficult to Initialize

e can converge to local minima, or not at all

Other procedures, such as subspace methods or PolyMAX
can be used to overcome these issues.
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l Linear Subspace Methods: the Case Without Input

VA X(k) — Ad X(k)
Y(k) = C4 X(k)

2, Y(k) = zLCqX(k)
=z "Cqz; X (k)
— Z,l(_lchdX(k)
=z, 2CqA5X (k)

= CqALX (k)
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l Form a Hankel Matrix

ztY(k) = C4ALX (k)

Y(1) - Y(F)
zi'Y(1) -z YY(F)
- CyX(1) . CgX(F)
B _chl(;.lxu) chld—'l)((F)_
S
— : [X(1) -+ X(F)]
CaAq




l Properties of the Hankel Matrix

n
F

Cd ) < >

X - X))

A

Y = ol

Cafa ™

\4

Now, recall that rank(UV) < min(rank(U), rank(V))

Soifol>nand F > n,

rank(Y) <n

It is thus possible to find the order of the system n Iin
theory.
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lThe SVD is Used to Get the Rank of the Hankel Matrix

_V{{_

\C3

rank(Y) <n

= U, X, Vi

Cq
Y= ¢ [|[X(1) - X(F)]
CqAL
X, 0
=UzVvi =[U; U 1
U U],
Recalling that the states can be (re)defined arbitrarily, one can
choose
- 1/2
X(1) - X(F)] =x/v
) Cd _
: :U]_Zi/z

Cafd™
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lThe State-space Matrices Can Be Retrieved from the SVD

>
. |=uE? =T

CaAg

The matrix Cq4 is obtained from the first o lines of T.

The matrix T has a special shift structure that can be exploited

 CqAq Cq

[:

_CdAld_l_ _CdAld_Z_

So, using a pseudo-inverse,

Ay = (F)TE



lWhat If There Are Nonzero Inputs?

2z, X(k) = Ay X(k) + By U(k)

7, Y (k)
=z 1Cqz, X (k) + z.D4U(k)
=z} 1CqA4X (k) + zi 1C4B4U (k) + ztD4U (k)

=z} 2CqA5X (k) + -
[
= CqALX (k) + Z zr MCqAT B4 + zLDy |U(k)

m=1
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Apply the Same Procedure and Remove the Effect of the
Input

|

[
zLY(k) = CqALX (k) + (Z zr MCqAT 1By + z,iDd) uck)

Y(1) - _ Y(F)
Y = : :
zi'Y(1) -z YY(F)
=TX + AU

Now, compute U+ (e.g., with a QR decomposition) such that

uut =0
and thus

YU+ =TIXut
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lEstimation of the Full State-Space Model

YU! = IXu+

=> I' can be estimated with a SVD, and then one gets A4 and Cyg.

Eventually, B; and D, are obtained as the solution of the linear
least-squares problem

(B4, Dq) = arg min Z

k

@ _ (§|(zkl —A4) " Bg+Dy)|UK)

Measured Known Known Measured
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lSeIecting the Model Order in a Practical Case

We consider the linear beam model, excited between 1 and 500 Hz
(the first three modes are excited).

The singular values of the Hankel matrix can be used to select the
model order.

100 - ?T96¢ 0 ° : i
~ o A clear gap appears at the
§ :/ theoretical model order.
© :o o
5 KT
31010 - | ? ]
N

| TTT????????????

0 5 10 15 20 25 30
Singular value number (-)

Although nonzero, most of the singular values can be discarded.
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lThe Effect of 1% Input and Output Noise

We consider the linear beam model, excited between 1 and 500 Hz
(the first three modes are excited).

The singular values of the Hankel matrix can be used to select the
model order.

0L P99 0 N : i i | i i
0 7ol With noise, this gap
° A becomes unclear.
© :a ? (-]
> B ¢ @
5 111e]1.
T

| ??????????????
0 5 10 15 20 25 30

Singular value number (-)

Model order selection with singular values can be complicated in
practice.
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lWhat are the Poles of the Estimated System?

We can compute the poles of the system for different orders.

We observe as well as spurious ones which do
not persist as we increase the order model.

20 A Il re @ * ® o 4
QI i ° ° +| ° o o
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Frequency (Hz)
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lThe Stabilization Diagram: a Decision-making Tool

We can compare the poles of different orders (e.g., their
frequency and damping).

Those that do not change more than some tolerance are
considered as stabilized poles, which are likely physical poles.

Plotting them yields the stabilization diagram.

h T T I T 1 -70
101 ¢ : d
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/I\ 8 L $ 0 l
5/ : - g
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L | | T
o ! ! | 1-110
= | | |
2 ! ! | 1-120
| | |
| | |
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35



lOutIine of Lecture 9

Nonlinear problem statement, state-space model structure and
FNSI.
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lNonIinear Problem Statement Assuming Characterisation

measured

Mq+C,q+Kq+kylfy=p

ASM

assumed

measured

Restoring force

Relative displacement
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l Nonlinear Coefficients Are New Parameters to Estimate

assumed

Mq+C,q+Kq+kylfy=p

measured measured

Parameters to be estimated:

nonlinearity strength  k,,;

underlying linear FRFs G;l(ja)) = —w*M+ jwC, + K
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lA Simple yet Powerful Reformulation

Move the nonlinear forces to the right-hand side of the EOM.

Mq+C,q+Kq=p—ky fy
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lEquivaIent Linear State-Space ldentification Problem

Mq+C,q+Kq

P — knl fnl

underlying linear system

N\

measurement eq.

stateeq. | X(t) =/Ax(t) +|B e(t)
y(t) = Cx(t) + D e(t)

extended
forcing function

/
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lReminder: the Extended Input Term Is Known

|

Mq+C,q+Kgq

=p — kn

underlying linear system

() =Alx(t) +/B e(t) (
y(t) = Cx(t) + De(t)

extended
forcing function

0 0 )(
M1 kM1

p(¢t) )

_fnl (t)

known
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l Linear Subspace “Machinery” Can Be Applied to our Problem

{)’((t) =|A

x(t) +

B e(t)

y(t) = Cx(t) + D e(t)

\4

extended
Input

Discrete time

+

Frequency domain

{zk X(k) = Aq X(k)

Frequency-domain

Bd E(k) nonlinear subspace
Y(k) = Cq4 X(k) + D4 E(k) identification

(FNSI) method

z-transform variable:  Zj,

=€

j2mk /N
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lOutIine of Lecture 9

Numerical application to the SmallSat spacecratft.
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SmallSat FEM with Experimental Nonlinearities

=/
&/

Reduced FE model
accurate between 0 — 100 Hz

Restoring force (N)

800

Experimental curve

Fitted trilinear model

0
Relative displacement

12 piecewise nonlinearities

activated under a 200 N excitation




Model Order Selection via a Stabilisation Diagram

Model order
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Accurate ID of the Lateral Nonlinear Coefficients

NC Exact value Real part Error (%) Log,, (R/)
1 - X (neg.) 26.76 26.82 0.22 1.70
2 — X (pos.) 46.23 47.27 2.20 2.33
3-Y (neg.) 26.76 26.78 0.05 2.06
4 -Y (pos.) 46.23 46.58 0.76 2.11
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lOutIine of Lecture 9

Experimental application to a solar array structure.
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Solar Array Dynamics in Folded Configuration

Complex connections
Opening test between panels

,‘_«/ o “l'

Gaps, friction, impacts, large displacements may be triggered.

Start of a study led by Thales Cannes and CNES (France).
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Development of a Simplified Test Rig in Besancon, France

Panels in free-free conditions

Close -up of a solithane snubber

Aboele,[ometers
on belhsides|sfithe Ni

Thin gap and.

imperfect alig-%ment —
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lCubic Splines May Outperform Ordinary Polynomials

Complex NL mechanisms are commonly captured using
high-order polynomials that may not be stable throughout.

Cubic splines are simple, stable, flexible and intuitive.

The FNSI method can calculate a large number of parameters.
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l Nonlinear Characterisation using Cubic Splines

fk+1 N

fnl(CI(S))

fi -+

% drk+1

fa(q(s)) = (2s® = 252 + 1)fy + (=253 + 352) fir11

Difficult to assume a ,
functional form a priori + (5% = 25% + 8)(Qr+1 — D) fx

+ (5% = 5 (qre+1 — Q) fresn
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l Nonlinearity Detection using FRFs at Low Freguency

Amplitude (dB)

40

20

Frequency (Hz)

] Impacts  In-phase motion
+ 2 Hz
I +~ 3 Hz
— /
| 0.16 N RMS
7= 3.79 N RMS
) 25 50 75
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lNonIinearity Detection using FRFs at High Frequency

Amplitude (dB)

40 T | | | T 1
Softening of SP
In traction

-20 .
0.16 N RMS
3.79 N RMS

_40 1 | | | 1 1

200 250 300 350

Frequency (Hz)
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Inearities
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Successful Reconstruction of FRFs Below 100 Hz

Amplitude (dB)

40

1

0.16 N RMS
3.79 N RMS

FNSI at 3.79 N RMS

25

50
Frequency (Hz)

75

100
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Bolt Loosening at High Frequency Is not Captured
Amplitude (dB)
40 T | | | T T
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Spline-based Nonlinear Stiffness Force with 5 Knots

Restoring force (N)

2 . ;
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Two-Slope Impacts Are Due to Snubber Misalignment

Restoring force (N)

2 . T ;
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of stacking points
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lConcIuding Remarks and Learning Outcomes

The RFS is a simple method but requires a lot of information.

Linear systems can be identified with (e.g.) a subspace method,
and this can be extended to nonlinear systems.

The FNSI method can identify state-space models of complex
nonlinear structures, assuming an accurate characterisation.

It can calculate accurately a great number of parameters.

It is compatible with stabilisation diagrams and cubic splines.
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