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2. Two-body 

problem 
4.1 Dominant 

perturbations 

Orbital elements 

(a,e,i,ɋ,ɤ) are constant 

Real satellites may undergo 

perturbations 

This lecture:  

1. Effects of these perturbations on the orbital elements ? 

2. Computation of these effects ? 
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STK: Different Propagators 
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Why Different Propagators ? 

Analytic propagation: 

 
 Better understanding of the perturbing forces. 

 

 Useful for mission planning (fast answer): e.g., lifetime 

 computation. 

 

 

Numerical propagation: 

 
 The high accuracy required today for satellite orbits can only be 

 achieved by using numerical integration.  

 

 Incorporation of any arbitrary disturbing acceleration 

 (versatile). 
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4. Non-Keplerian Motion 
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4.4 Geostationary satellites 
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4. Non-Keplerian Motion 

4.2 Analytic treatment 

 4.2.1 Variation of parameters 

 4.2.2 Non-spherical Earth 

 4.2.3 J2 propagator in STK 

 4.2.4 Atmospheric drag 

 4.2.5 Third-body perturbations 

 4.2.6 SGP4 propagator in STK 

 4.2.7 Solar radiation pressure 
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Analytic Treatment: Definition 

Position and velocity at a requested time are computed 

directly from initial conditions in a single step. 

 

Analytic propagators use a closed-form solution of the 

time-dependent motion of a satellite. 

 

Mainly used for the two dominant perturbations, drag and 

earth oblateness.  

 

4.2 Analytic treatment 
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Analytic Treatment: Pros and Cons 

Useful for mission planning and analysis (fast and insight): 

 Though the numerical integration methods can generate more 

 accurate ephemeris of a satellite with respect to a complex force 

 model, the analytical solutions represent a manifold of solutions for 

 a large domain of initial conditions and parameters. 

 

But less accurate than numerical integration. 

 

Be aware of the assumptions made !  

 

 

4.2 Analytic treatment 
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Assumption for Analytic Developments 

The magnitude of the disturbing force is assumed to be 

much smaller than the magnitude of the attraction of the 

satellite for the primary.  

3 perturbed
r

m
=- +r r a

perturbed<<a r

4.2 Analytic treatment 
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Variation of Parameters (VOP) 

Originally developed by Euler and improved by Lagrange 

(conservative) and Gauss (nonconservative). 
 

 

It is called variation of parameters, because the orbital 

elements (i.e., the constant parameters in the two-body 

equations) are changing in the presence of perturbations.  
 

 

The VOP equations are a system of first-order ODEs that 

describe the rates of change of the orbital elements. 

 

4.2.1 Variation of parameters 

, , , , ,  ?a i e MwW
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Disturbing Acceleration (Specific Force) 
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4.2.1 Variation of parameters 

Rotating basis whose 

origin is fixed to the 

satellite 
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Perturbation Equations (Gauss) 

4.2.1 Variation of parameters 
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The generating solution is that of the 2-body problem 
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Time rate-of-change 

of the work done by 

the disturbing force 
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Perturbation Equations (Gauss) 

4.2.1 Variation of parameters 
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Perturbation Equations (Gauss) 

( )
( )

3

2
2 Resin 1 cos

1

a
a T e

e
q q

m
= + +è øê ú

-

( )
2(1 )

sin cos cos
a e

e R T Eq q
m

-
= + +è øê ú( )

2

2cos(1 )

1 cos

Na e
i

e

q

m q

-
=

+

J.E. Prussing, B.A. Conway, Orbital Mechanics, Oxford University Press 

4.2.1 Variation of parameters 
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Perturbation Equations (Gauss) 

Limited to eccentricities less than 1. 

 

Singular for e=0, sin i=0 (use of equinoctial elements). 

 

In what follows, we apply the Gauss equations to Earth 

oblateness and drag. Analytical expressions for third-body 

and solar radiation forces are far less common, because 

their effects are much smaller for many orbits. 

4.2.1 Variation of parameters 
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Non-spherical Earth: J2 

Focus on the oblateness through the first zonal harmonic, 

J2 (tesseral and sectorial coefficients ignored). 

 
 

The J2 effect can still be viewed a small perturbation when 

compared to the attraction of the spherical Earth. 

4.2.2 Non-spherical Earth 
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Disturbing Acceleration (Specific Force) 
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Physical Interpretation of the Perturbation 

The oblateness means that the force of gravity is no longer 

within the orbital plane: non-planar motion will result. 

The equatorial bulge exerts a force that pulls the satellite 

back to the equatorial plane and thus tries to align the 

orbital plane with the equator. 

 

Due to its angular momentum, the orbit behaves like a 

spinning top and reacts with a precessional motion of the 

orbital plane (the orbital plane of the satellite to rotate in 

inertial space). 

4.2.2 Non-spherical Earth 
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Physical Interpretation of the Perturbation 

4.2.2 Non-spherical Earth 
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Effect of Perturbations on Orbital Elements 

Secular rate of change: average rate of change over many 

orbits. 

 

Periodic rate of change: rate of change within one orbit    

(J2: ~ 8-10km with a period equal to the orbital period). 

4.2.2 Non-spherical Earth 
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Effect of Perturbations on Orbital Elements 

Periodic  

Secular 

4.2.2 Non-spherical Earth 
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Secular Effects on Orbital Elements 

Nodal regression: regression of the nodal line: 

 

 

Apsidal rotation: rotation of the apse line: 

 

 

Mean anomaly. 

 

No secular variations for a, e, i. 

 
4.2.2 Non-spherical Earth 
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Secular Effects: Node Line 
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Ý  For posigrade orbits, the node line drifts westward 

 (regression of the nodes). And conversely. 

 

 

 

0 90 , 0i¢ ¢ W<

Ý  For polar orbits, the node line is stationary. 

 

90 , 0i = W=

4.2.2 Non-spherical Earth 



Vallado, Fundamental of 

Astrodynamics and 

Applications, Kluwer, 2001. 
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Exploitation: Sun-Synchronous Orbits 

The orbital plane makes a constant angle with the radial 

from the sun: 

4.2.2 Non-spherical Earth 
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Exploitation: Sun-Synchronous Orbits 

The orbital plane must rotate in inertial space with the 

angular velocity of the Earth in its orbit around the Sun: 

360º per 365.26 days or 0.9856º per day 

 

 

The satellite sees any given swath of the planet under 

nearly the same condition of daylight or darkness day after 

day. 

4.2.2 Non-spherical Earth 
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Existing Satellites 

SPOT-5                

(820 kms, 98.7º) 

NOAA/POES            

(833 kms, 98.7º) 



28 

Secular Effects: Apse Line 
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Ý  The perigee advances in the direction of the motion 

 of the satellite. And conversely. 

 

 

 

0 63.4  or 116.6 180 , 0i i w¢ ¢ ¢ ¢ >

Ý  The apse line does not move. 

 

63.4  or 116.6 , 0i i w= = =

4.2.2 Non-spherical Earth 



Vallado, Fundamental of 

Astrodynamics and 

Applications, Kluwer, 2001. 
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Exploitation: Molniya Orbits 

A geostationary satellite cannot view effectively the far 

northern latitudes into which Russian territory extends         

(+ costly plane change maneuver for the launch vehicle !) 

 

Molniya telecommunications satellites are launched from 

Plesetsk (62.8ºN) into 63º inclination orbits having a 

period of 12 hours. 

3
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4.2.2 Non-spherical Earth 
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Analytic Propagators in STK: 2-body, J2 

2-body:  constant orbital elements. 

 

J2:  accounts for secular variations in the orbit elements 

 due to Earth oblateness; periodic variations are 

 neglected. 

4.2.3 J2 propagator in STK 
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J2 Propagator: Underlying Equations 

4.2.3 J2 propagator in STK 
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2-body and J2 Propagators Applied to ISS 

Two-body propagator J2 propagator 

4.2.3 J2 propagator in STK 
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HPOP and J2 Propagators Applied to ISS 

Nodal regression of the ISS 
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Effects of Atmospheric Drag: Semi-Major Axis  
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Because drag causes the dissipation of mechanical energy 

from the system, the semimajor axis contracts. 

4.2.4 Atmospheric drag 

Drag paradox: the effect of atmospheric drag is to increase 

the satellite speed and kinetic energy ! 
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Effects of Atmospheric Drag: Semi-Major Axis 
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4.2.4 Atmospheric drag 
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Effects of Atmospheric Drag: Orbit Plane  
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The orientation of the orbit plane is not changed by drag. 

4.2.4 Atmospheric drag 
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Effects of Atmospheric Drag: Apogee, Perigee 

Apogee height changes drastically, perigee height remains 

relatively constant. 

 

4.2.4 Atmospheric drag 

Vallado, Fundamental of Astrodynamics and Applications, Kluwer, 2001. 
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Effects of Atmospheric Drag: Eccentricity 

Vallado, Fundamental of Astrodynamics and Applications, Kluwer, 2001. 

4.2.4 Atmospheric drag 
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Early Reentry of Skylab (1979) 

Increased solar activity, which 

increased drag on Skylab, led to 

an early reentry.  

 

Earth reentry footprint could not 

be accurately predicted (due to 

tumbling and other parameters).  

 

Debris was found around 

Esperance (31ï34°S, 122ï

126°E). The Shire of Esperance 

fined the United States $400 for 

littering, a fine which, to this day, 

remains unpaid. 

4.2.4 Atmospheric drag 

http://upload.wikimedia.org/wikipedia/en/0/07/Skylab_(SL-4).jpg
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Effects of Third-Body Perturbations  

The only secular perturbations are in the node and in the 

perigee. 
 

For near-Earth orbits, the dominance of the oblateness 

dictates that the orbital plane regresses about the polar 

axis. For higher orbits, the regression will be about some 

mean pole lying between the Earthôs pole and the ecliptic 

pole. 
 

Many geosynchronous satellites launched 30 years ago 

now have inclinations of up to Ñ15º Ý collision avoidance 

as the satellites drift back through the GEO belt. 

4.2.5 Third-body perturbations 
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Effects of Third-Body Perturbations  

Vallado, Fundamental of Astrodynamics and Applications, Kluwer, 2001. 

The Sunôs attraction 

tends to turn the 

satellite ring into the 

ecliptic. The orbit 

precesses about the 

pole of the ecliptic. 

4.2.5 Third-body perturbations 
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STK: Analytic Propagator (SGP4) 

The J2 propagator does not include drag. 

 

SGP4, which stands for Simplified General Perturbations 

Satellite Orbit Model 4, is a NASA/NORAD algorithm.  

 

 

  

4.2.6 SGP4 propagator in STK 
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STK: Analytic Propagator (SGP4) 

Several assumptions; propagation valid for short durations 

(3-10 days). 

  

 

TLE data should be used as the input (see Lecture 03). 

 

 

It considers secular and periodic variations due to Earth 

oblateness, solar and lunar gravitational effects, and 

orbital decay using a drag model. 

  

4.2.6 SGP4 propagator in STK 
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SGP4 Applied to ISS: RAAN 

4.2.6 SGP4 propagator in STK 
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Further Reading on the Web Site 

4.2.6 SGP4 propagator in STK 



47 

Secular Effects: Orders of Magnitude 

Vallado, Fundamental of Astrodynamics and Applications, Kluwer, 2001. 


